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Abstract
We obtain the largest families constructed to date of 18 -BPS solutions of type IIB supergravity.
They have the same charges and mass as supersymmetric D1-D5-P black holes, but they cap off
smoothly with no horizon. Their construction relies on the structure of superstratum states, but
allows the momentum wave to have an arbitrary shape. Each family is based on an arbitrary
holomorphic function of one variable. More broadly, we show that the most general solution is
described by two arbitrary holomorphic functions of three variables. After exhibiting several new
families of such “holomorphic superstrata,” we reformulate the BPS backgrounds and equations
in holomorphic form and show how this simplifies their structure. The holomorphic formulation
is thus both a fundamental part of superstrata as well as an effective tool for their construc-
tion. In addition, we demonstrate that holomorphy provides a powerful tool in establishing the
smoothness of our solutions without constraining the underlying functions. We also exhibit new
families of solutions in which the momentum waves of the superstrata are highly localized at
infinity but diffuse and spread into the infra-red limit in the core of the superstratum. Our work
also leads to some results that can be tested within the dual CFT.
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1 Introduction
Perhaps the most important, and remarkable, property of microstate geometries is that they provide
the only known viable mechanism for supporting microstate structure at the horizon scale of a black
hole [1]. Indeed, such geometries are smooth and horizonless and yet very closely approximate a black-
hole geometry while capping off just above where the horizon of the corresponding black hole would
form. As a result, such geometries can provide invaluable laboratories for studying putative descriptions
of microstate structure at the horizon scale.
The construction of microstate geometries has largely focussed on supersymmetric solutions in six
dimensions but, even for these, the computations can be rather daunting. Nevertheless, quite a number
of physically interesting microstate geometries are ultimately rather simple. Some can be reduced to
(2+1)-dimensional backgrounds that are best described as smoothly capped BTZ geometries [2–7]. That
is, the geometry is asymptotic, at infinity, to AdS3. It then transitions to an AdS2 × S1 BTZ throat,
and then, at some large depth (high red-shift), the S1 starts to shrink again creating the smooth cap.
The cap region closely approximates a global AdS3 geometry that has the same curvature radius as, but
is highly redshifted relative to, the AdS3 at infinity. The throat between the two AdS3 regions can be
adjusted to create an arbitrarily high redshift. In some classes of these geometries, the massless scalar
wave equation is even separable [4, 7–9]. This has enabled a great deal of analysis of such geometries
and an investigation of their possible effects on microstructure [4, 10,11,6, 7].
One of the purposes of this paper is to provide explicit, and far more extensive, families of microstate
geometries. We will lay out a range of relatively simple microstate geometries of the D1-D5-P black
hole in Type IIB supergravity, each of which depends on a freely choosable holomorphic function of
one variable. This holomorphic function encodes the shape of momentum-wave excitation of the D1-D5
system and the different examples depend on how the wave moves on the angular directions of the
AdS3 × S3.
As one might expect, our new families of solutions arise from the superstratum construction. Orig-
inally, the existence of superstrata was conjectured [12] as the result of a double supertube transition.
It was argued that this transition would produce families of BPS solutions that depend upon arbitrary
functions of (at least) two variables. This construction was ultimately realized in [13] but the technical
complexity limited the explicit computations to relatively simple families of Fourier modes. Moreover,
the construction in [13] focussed to “angular momentum waves,” or, more precisely, fluctuations whose
momentum in the AdS3 is exactly matched by a corresponding angular momentum on S
3. As a result,
these superstrata did not enter deeply into the black-hole regime because the corresponding black hole
would not have a large horizon.
The breakthrough came in [2,5] in which superstrata with pure momentum waves were constructed.
These led to microstate geometries that lie deep within the black hole regime and the six-dimensional
geometry was that of a deformed S3 fibered over a capped BTZ geometry.
The full ten-dimensional solution lies within IIB supergravity and involves a compactification on
T4 or K3. In this paper, as is standard for superstrata, we will work with the six-dimensional (1, 0)
supergravity, coupled to two tensor multiplets, that naturally results from such a compactification and
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is suggested by string scattering calculations1 [14, 15,13].
When the pure momentum waves are combined with the original superstratum modes on S3, it
strongly suggested that there should be superstrata that are arbitrary functions of three variables:
basically built from the three sets of Fourier modes associated with the three compact U(1) isometries
of AdS3 × S3. There was, however, a potential obstruction to such superstrata in that the interactions
of generic modes might not lead to smooth solutions. It was recently shown [8] that a new, broader
classes of “supercharged superstrata” [16] can be used to obviate this obstruction and this opened the
way to the construction of fully general superstrata as functions of three variables.
The holographically dual D1-D5 CFT also implies that there must be such generic superstrata. The
superstrata are dual to coherent superpositions of CFT states,⊗
k,m,n,q
|k,m, n, q〉NS ,
obtained by acting with the generators of the “small,” anomaly-free N = 4 superconformal algebra on
the “length-k” strands in the NS-NS ground state of the D1-D5 CFT:
|k,m, n, q〉NS = (J+0 )m−1(L−1)n−1
(
q G+1− 1
2
G+2− 1
2
+
(
1 +
q(1− k)
k
)
J+0 L−1
)
|O−−〉k , (1.1)
where q = 0, 1; n− q ≥ 0, k − q > 0 and k ≥ m ≥ q. For more details, see [16].
Encoding these states in six-dimensional supergravity solutions starts with a very particular ansatz
for the fundamental tensor gauge fields that requires these fields to depend upon the phases:
vk,m,n ≡ (m+ n)
√
2 v
Ry
+ (k −m)ϕ1 −mϕ2 . (1.2)
The coordinates (v, ϕ1, ϕ2), refer to the background AdS3 × S3 “supertube” geometry:
ds26 =
√
Q1Q5
[
− (r
2 + a2)
a2Ry
dt2 +
dr2
(r2 + a2)
+
r2
a2Ry
dy2
+ dθ2 + sin2 θ
(
dϕ1 − 1
Ry
dt
)2
+ cos2 θ
(
dϕ2 − 1
Ry
dy
)2]
.
(1.3)
where
y ≡ y + 2piRy , (1.4)
and u and v, are the standard null coordinates:
u = 1√
2
(t− y) , v = 1√
2
(t+ y) . (1.5)
BPS solutions must be independent of u, because it is the “null time” generated by the commutator
of the supersymmetries. One then uses the ansatz for the tensor gauge fields as the starting point for
1The universal sector of such a compactification is to consider fields that “have no legs” on the T4 or K3, (apart from
tensors that involve the volume form of T4 or K3). This results in precisely six-dimensional (1, 0) supergravity, coupled to
two tensor multiplets.
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solving the linear system of BPS equations. As one solves the BPS equations, one then finds that the
complete solution will generically depend non-trivially on combinations of phases of the form (1.2).
The important point is that a generic superposition of modes (k,m, n, q) must encode a generic
function of three variables. The fact that one can take any superposition of the states (1.1) strongly
suggests2 that holography requires there to be no restriction on the function of three variables. The two
choices of supercharge sector, q = 0, 1, actually means that there must be two independent arbitrary
functions of three variables.
Much of the study of superstrata to date has gone in the opposite direction in that it has focussed
on “single-mode superstrata,” in which only one of the Fourier modes is non-trivial. This produces
an extremely simple class of solutions because the energy-momentum tensor only depends on the RMS
value of the Fourier mode and so the geometry is independent of (u, v, ϕ1, ϕ2). Some of these geometries
also have conformal Killing tensors [3, 8, 9].
The single mode superstrata have the virtue of being simple and yet capture some of the very
interesting physical properties of capped BTZ geometries. On the other hand, such geometries are
extremely coherent, highly atypical states and this leads to some behaviours, like sharp echoes [7], that
are very atypical for microstate structure. While the states of the “supergraviton gas,” described via
(1.1) are still rather specialized3, one might hope that the corresponding superstrata may well start to
exhibit somewhat more typical behaviour when it comes to the microstructure. It is therefore important
to make a systematic construction and analysis of more generic superstrata.
In this paper, we will show that there is a natural “toric” description of superstrata in which one
should think of the superstratum as being described by two holomorphic functions of three complex
variables. Two of these complex variables may be viewed as describing the S3 in C2, and thus encode
the angle, θ, while the third lies entirely on the AdS3:
χ ≡ a√
r2 + a2
sin θ eiϕ1 , η ≡ a√
r2 + a2
cos θ e
i
(√
2v
Ry
−ϕ2
)
, ξ ≡ r√
r2 + a2
e
i
√
2v
Ry . (1.6)
This holomorphic formulation leads to huge simplifications in the form of the solutions and in the actual
process of solving of the BPS equations.
While we will not be able to solve the generic superstratum, we will show, by explicit construction
that the holomorphic formulation makes it possible to construct families of solutions that depend on
arbitrary holomorphic functions of one complex variable. These families are generated by picking specific
powers for two of the complex variables and then allowing everything else to be an arbitrary function
of the third variable. While we will not give an explicit proof, our analysis makes it very plausible that
the generic superstratum does indeed depend on two holomorphic functions of three variables.
In practice, solving the BPS equations involves introducing several sets of Fourier coefficients into the
tensor gauge fields. A priori, it seems that there might be several functions of three variables. However,
one finds that smoothness of the solution requires one to impose “coiffuring constraints” that reduce
the solution to precisely two arbitrary functions of three variables. These coiffuring constraints have
2There may be some limit on the modes arising from the fact that the total length of the excited strands is limited by
N1N5. However we expect that such issues will only arise when one quantizes the classical system.
3These states do not include twisted sector states of the CFT, and, in particular, are not sufficiently numerous to
account for the black hole entropy [17–19].
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always seemed a little mysterious, but in the holomorphic formulation they are simple and “natural:”
they amount to requiring that certain fields only depend on the modulus-squared of the underlying
holomorphic function (or its derivatives). We will discuss this more in Section 5.
One of the other features of single-mode superstrata is that the effect of the momentum wave is
smeared to its RMS value in the geometry and it is impossible to localize such a momentum wave. Now
that we have holomorphic waves, we can start with the 14 -BPS AdS3× S3 geometry dual to the ground
state of the D1-D5 CFT and study how a momentum wave that is much more localized at infinity flows
to the IR as it creates the 18 -BPS geometry dual to the corresponding D1-D5-P state. We will give some
explicit examples of this in Section 4.
Finally, one of the classes of momentum waves that we consider here induces a variation in the
D1-D5 charge density along the original 14 -BPS supertube. These charge density variations follow, in
supergravity, from smoothness of the solution. Thus we find a new set of gravity predictions that can
be used to test, once again, the precision holography of the D1-D5 CFT.
Since one of our primary goals here is to exhibit families of new superstrata that prove broadly
useful, we will defer some of the more detailed discussion of superstratum construction and start with
the metrics of several interesting new families of black hole microstate geometries that are based on
some form of holomorphic wave. We will also extract some of the physically interesting details from
them and highlight some features that can be compared with correlators in the holographically dual
CFT.
In Section 2, we give an overview of the metrics and our construction of the new superstrata. Our
goal is to highlight the important features of the process without getting into any of the more technical
details. In Section 3, we catalog five families of superstrata, each of which involves a single holomorphic
function of one variable. A summary of these solutions may be found in Appendix A. In Section 4, we
use one of the simpler superstratum families to obtain some examples in which the momentum waves
are localized around the y-circle.
In Sections 5 and 6, we go into the details of superstrata construction, first showing how the holomor-
phic structure arises and then recasting the BPS equations in terms of the new holomorphic variables.
Section 7 contains our conclusions. A more technically complicated “hybrid superstratum” that involves
two independent holomorphic functions may be found in Appendix B; the remaining Appendices (C
and D.2) contain some important mathematical details that play a role in our work.
2 The structure of superstrata
Our purpose here is to give a broad overview of the construction of superstrata and exhibit some of the
key physical and mathematical steps. We have kept the technical details to a minimum so as to make
it more accessible. A more complete exposition can be found in Sections 5 and 6.
The starting point for the construction is the reduction of IIB supergravity on T4 or K3. The
universal sector of such a compactification consists of restricting to fields that “have no legs” on the T4
or K3 (apart from tensors that involve the volume form of T4 or K3). This results in six-dimensional
(1, 0) supergravity, coupled to two tensor multiplets. It is this theory that is the “work horse” of
superstratum construction.
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2.1 BPS solutions in six dimensions
The 18 -BPS solutions of this particular supergravity theory have been extensively studied. First, the
six-dimensional metric must take the form of a fibration over a four-dimensional base, B [20, 21]:
ds26 = −
2√P (dv + β)
[
du+ ω +
F
2
(dv + β)
]
+
√
P ds24 , (2.1)
where the metric, ds24, on B is “almost hyper-Ka¨hler,” β and ω are one-forms on B, while F and P
are functions. The vector field ∂∂u is the Killing vector required by supersymmetry and, in principle,
everything can depend on the other five coordinates.
Supersymmetry requires that the three tensor gauge fields (one lies in the gravity multiplet) are
determined by three pairs
(Z1,Θ2) , (Z2,Θ1) , (Z4,Θ4) , (2.2)
where the ZI are functions and the ΘJ are two-forms whose components lie only on B 4. These may be
viewed as the electrostatic potentials and magnetic components of the tensor gauge fields. We will not
need the details of the tensor fields here and we refer the reader to [22,13,23,5] and [24, Appendix E.7]
for details. It is also convenient to define
Θ3 ≡ dβ . (2.3)
The quantities, ZI and ΘJ , are extremely important to solving the BPS conditions and will thus be
essential elements to our discussion. We will describe the BPS equations in detail in Sections 5 and 6,
where we will show how the ZI and ΘJ are determined by a “first layer” of equations and how these
solutions then provide sources for the “second layer” of BPS equations that determine P, F and ω. In
particular, the BPS equations require the warp factor, P, to be related to the electrostatic potentials
via:
P = Z1 Z2 − Z24 . (2.4)
2.2 The supertube and the superstratum
To construct superstrata one makes several assumptions that greatly simplify the BPS equations. First,
one takes the four-dimensional base to be flat R4 written in spherical bipolar coordinates:
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θ dϕ21 + r
2 cos2 θ dϕ22 , (2.5)
where Σ is the distance from the supertube locus
Σ ≡ r2 + a2 cos2 θ . (2.6)
One also takes the connection, β, to be:
β ≡ Ry a
2
√
2 Σ
(sin2 θ dϕ1 − cos2 θ dϕ2) . (2.7)
4The labelling may seem a little anomalous but this reflects the underlying SO(2, 1) structure. The absence of (Z3,Θ3)
is a historical artifact: In five dimensions one gets another gauge field, whose pieces, (Z3,Θ3), come from F and dβ
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The pure D1-D5 system forms the canvas upon which the superstrata will be constructed. This is
given by setting
Z1 =
Q1
Σ
, Z2 =
Q5
Σ
, Z4 = 0 , ΘI = 0 , F = 0 , ω = ω0 , (2.8)
where
ω0 ≡ a
2Ry√
2 Σ
(sin2 θdϕ1 + cos
2 θ dϕ2) . (2.9)
One therefore has
P = Q1Q5
Σ2
. (2.10)
Using this, the metric (2.1) is smooth, and reduces to (1.3), provided that one imposes the supertube
regularity condition:
Q1Q5 = R
2
y a
2 . (2.11)
This defines the holographic dual of the maximally-spinning, 14 -BPS, RR-vacuum of D1 and D5 branes
wrapped on the common S1 along the y-direction.
Superstrata are the holographic duals of the 18 -BPS states obtained by exciting the left-moving
states (1.1) on top of the present RR vacuum solution. In supergravity, this means turning on non-
trivial excitations in almost all of the fields and allowing these excitations to depend on (r, θ, v, ϕ1, ϕ2).
2.3 The complex formulation of superstrata
As we will show in much of the rest of this paper, the way in which superstrata depend on (r, θ, v, ϕ1, ϕ2)
is most simply encoded in the complex coordinates:
ξ ≡ r√
r2 + a2
e
i
√
2v
Ry , χ ≡ a√
r2 + a2
sin θ eiϕ1 , η ≡ a√
r2 + a2
cos θ e
i
(√
2v
Ry
−ϕ2
)
. (2.12)
It is also useful to define
µ ≡ η/χ = cot θ ei
(√
2v
Ry
−ϕ1−ϕ2
)
. (2.13)
Note that in these coordinates:
χk−m ηm ξn = χkµmξn = ∆k,m,n eivk,m,n . (2.14)
where vk,m,n is defined in (1.2) and
∆k,m,n ≡
(
r√
r2 + a2
)n( a√
r2 + a2
)k
sink−m θ cosm θ . (2.15)
The coordinates (χ, η, ξ) are not all independent in that they satisfy the constraint:
|χ|2 + |η|2 + |ξ|2 = 1 , (2.16)
and so they sweep out a hemisphere S5. Indeed, the limit r → ∞ corresponds to circle defined by
χ = η = 0. This is the S1 swept out by y while the S3 at infinity in ds24 corresponds to the sphere
|χ|2 + |η|2 = 2 as → 0.
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The most general hybrid superstratum involves two holomorphic functions, G1 and G2, of three
variables [8]. It is convenient to think of them in terms of their Taylor expansions with Fourier coefficients
bk,m,n and ck,m,n:
G1(ξ, χ, η) ≡
∑
k,m,n
bk,m,n ξ
n χk−m ηm , G2(ξ, χ, η) ≡
∑
k,m,n
ck,m,n ξ
n χk−m ηm , (2.17)
The function G1 encodes superposition of states with q = 0 in (1.1), the original superstratum modes
[2, 5], while G2 encodes superposition of states with q = 1, the supercharged modes [16]. Taking both
functions to be 0 corresponds to the non-excited supertube solution detailed in the previous section.
As we will see below, the warp factor, P, in the metric only depends on the charges and |G1|:
P = 1
Σ2
(
Q1Q5 −
R2y
2
|G1|2
)
. (2.18)
2.4 Regularity of superstrata
Fundamentally, the superstratum is required to be regular and have the correct asymptotics at infinity.
In particular, the metric (2.1) must be smooth, must not have any closed timelike curves (CTC’s) and
be asymptotic to AdS3 × S3. Since the construction of superstrata involves solving, on B, systems of
linear differential equations with sources, one must first find inhomogeneous solutions to solve for the
sources and then allow the possible addition of homogeneous solutions. As one would expect, non-
trivial homogeneous solutions either have singular sources on B, or diverge at infinity. This means
that regularity requires the careful choice of homogeneous solutions combined with constraints on the
parameters, akin to (2.11).
If one starts from the differential equations that determine (2.2), one expects that each of the pairs
(ZI ,ΘJ) to have independent solutions. However, very early in the superstratum program, it was found
that if these flux components remain independent then the second layer of BPS equations that determine
the metric constituents, P, F and ω, would necessarily have singular solutions. It was shown in [13,25]
that if these fluxes were all related via “coiffuring” constraints then these particular singularities would
be removed. Physically, these coiffuring constraints were motivated by the structure of the dual CFT
and are loosely motivated by horizon smoothness issues in black rings [26], but mathematically they
seemed rather ad hoc.
We will describe in Section 5, how “coiffuring” amounts to requiring that the metric constituents,
P, F and ω, are always constructed from sesquilinear pairings of the Gj and Gk. That is, P, F and ω
can all be expressed as quadratics in Gj , Gk, and their primitives or derivatives, but these quadratics
are linear in each of the Gj and Gk (and their primitives or derivatives) considered separately. Indeed,
the fact that P only depends on |G1|2 is the simplest possible such form. In Section 3, Appendix A and
Appendix B we will see more complicated sesquilinear pairings of the Gj and Gk.
While the homogeneous solutions depend on the particular superstratum, there is a universal and
important family that reflects the residual ability to re-define the coordinate u:
u → u + f(xi, v) ⇔ ω → ω − d4f + (∂vf)β , F → F − 2 (∂vf) , (2.19)
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where d4 is the exterior derivative on the R
4 base with metric (2.5). It is obvious from (2.1) that such
a transformation of u is equivalent to the shifts in F and ω. We will use this “gauge transformation”
frequently. In particular, we note that such transformations can be used to cancel oscillatory parts of
F . We also note that such gauge transformations are not necessarily holomorphic.
In practice, checking the regularity of a superstratum solution boils down to removing obvious
singularities and focussing on “dangerous places” at which CTC’s might occur. These dangerous places
are where the ϕ1 and ϕ2 circles pinch off (θ = 0 and θ =
pi
2 respectively) in (2.5), where the whole S
3
pinches off (r = 0, θ = 0) and yet ω may not vanish in these directions, thereby creating a CTC in
(2.1). It usually suffices to look at disk defined by r = 0 in order to check these issues.
The locus r = 0 and θ = pi2 is the original supertube locus, on which one has Σ = 0. This is where
we are now creating the momentum waves and so it is the locus that generates the most significant
physical constraints. Indeed, regularity on this locus usually leads to a constraint between the charges
that generalizes (2.11).
Finally, one must carefully examine the y-circle for CTC’s and smoothness at the center of the cap.
Usually the best and most efficient way to examine the regularity of a superstratum metric is to
write it as an S3 fibration over a three-dimensional base, K. That is, one collects all the terms involving
dθ, dϕ1 and dϕ2 and completes the squares for all the mixed terms between these differentials and dt, dy
and dr. This defines the metric on the S3 fiber. One then collects the residual parts of the metric,
which only involve dt, dy and dr, and this defines the metric on the base, K. One then completes the
square in dy on K. This makes it easier to verify that the compact directions have a regular metric
without CTC’s5 and that the entire metric has the correct asymptotics at infinity and is well-behaved
in the cap.
To summarize, we typically go through the check-list
(i) Adjust the gauge and homogeneous solutions so that the metric is asymptotic to AdS3×S3.
(ii) Use homogeneous solutions to remove any singularities in F and ω at r = 0.
(iii) Make sure that the warp factor, P, in (2.18) is always positive.
(iv) Examine the potential singularities and CTC’s at the center of R4: r = 0, θ = 0.
(v) Look at the supertube locus: r = 0 and θ = pi2 where circles pinch off in (2.5) and eliminate
singularities and CTC’s in (2.1).
(vi) Make sure that the y-circle has no CTC’s and caps off smoothly.
(vii) Make sure there are no CTC’s elsewhere.
Item (iii) is generically not a problem: in the explicit examples we study in Section 3, P > 0 follows
from judicious application of the Cauchy-Schwarz inequality. The CTC constraints are usually more
stringent than the positivity of P. The last item, while essential, is usually very hard to prove rigorously
and is often done by looking at numerical sections of the metric.
5This does not necessarily mean that the metric in the compact directions needs to be positive-definite everywhere: see
the discussion in section 3.1.3.
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Finally, there is an important issue that can arise in making gauge transformations: There are two
canonical choices of the u-coordinate. First, one would like the metric to be asymptotic to AdS3 × S3
in its standard global form (1.3) in which u and v are related to t and y via (1.5). Making such a
choice of gauge for u enables us to read off all the conserved charges with ease. Thus we will often
have to make a gauge transformation of our solutions to achieve this end. On the other hand, there is
another canonical meaning for y: If the complete metric is written as an S3 fibration over K, then the
“y-circle” is canonically thought of as the circle that pinches off at r = 0 in this three-dimensional space
time. Sometimes the re-definitions of u that yield an asymptotically AdS3×S3 geometry can upset the
identification of the y circle as the one that pinches off at r = 0.
One can address this issue by simply using two coordinate charts: one around r = 0 and the
other at large values of r. One then has a non-trivial re-definition of u in going between these charts.
Alternatively, one can make a gauge choice that depends upon r in such a way that it has the desired
effect at infinity while vanishing at r = 0. The price here is a non-zero radial component in ω. We will
see an example of this in Section 3.1.
2.5 Conserved charges
Superstrata have five conserved quantized charges: the number of each type of brane, N1, N5, the
momentum, NP , and the two angular momenta on B, jL and jR. Reading off the supergravity charges
is then an essential part of the analysis of the solution. It is a fairly standard procedure but we
summarize it here.
The D1 and D5 supergravity charges, Q1 and Q5, are given by the r
−2 terms in the large r expansion
of the gauge fields Z1 and Z2.
The angular momenta are obtained from the asymptotic form of ω and β6:
β1 + β2 + ω1 + ω2 =
√
2
r2
[
(JR − JL cos 2θ) + oscillating terms
]
+ O(r−4) (2.20)
where β1, ω1 and β2, ω2 are the components along dϕ1 and dϕ2 respectively.
The momentum charge is given by the RMS value of the expansion of F at infinity:
F = − 1
r2
(
2QP + oscillating terms
)
+ O(r−4) . (2.21)
Finally, the supergravity charges are related to the quantized charges via [13]:
Q1 =
(2pi)4N1 gs α
′3
V4
, Q5 = N5 gs α
′ , QP =
(2pi)4 g2s α
′4
V4R2y
NP , JL,R =
(2pi)4g2sα
′4
V4Ry
jL,R , (2.22)
where V4 is the volume of T4 in the IIB compactification to six dimensions. It is convenient to define
N via:
N ≡ N1N5R
2
y
Q1Q5
=
V4R
2
y
(2pi)4 g2s α
′4 =
V4R
2
y
(2pi)4 `810
=
Vol(T4)R2y
`810
, (2.23)
6The purely oscillatory terms do not contribute since they average out in the Komar integrals for the conserved
quantities.
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where `10 is the ten-dimensional Planck length and (2pi)
7g2sα
′4 = 16piG10 ≡ (2pi)7`810. The quantity,
Vol(T4) ≡ (2pi)−4 V4, is sometimes introduced [27] as a “normalized volume” that is equal to 1 when
the radii of the circles in the T4 are equal to 1. The quantized charges are then more succinctly related
to the supergravity charges via:
N1N5 = N Q1Q5
R2y
, NP = N QP , jL,R = N JL,R
Ry
. (2.24)
3 Some examples
Here we focus on the metric structure of several families of superstrata, that is, we focus on the functions
F , P and on the one-forms β and ω. We will not derive the expressions for the gauge fields (ZI ,ΘJ)
here; they can be easily derived from the formula (6.9) detailed in Section 6. Moreover, a complete,
self-contained summary of these solutions is given in Appendix A; additional families are discussed in
Appendix B.
It turns out that the supercharged solutions (q = 1 in (1.1)) are much more complicated than their
non-supercharged analogues (q = 0). Therefore, for the sake of readability, we will only consider non-
supercharged excitations in this section. That is, we will set the holomorphic function, G2, in (2.17) to
zero. An example with both supercharged and non-supercharged excitations is given in Appendix B.
We will examine our first example in great detail, and be somewhat more cursory in the study of the
other examples.
We construct solutions with arbitrary functions of one of the three complex variables (2.12) and
give examples in each class. Functions of ξ, χ or η encode very different features. Indeed, ξ does not
depend on the S3 angles and lies entirely on the AdS3 whereas χ and η mix the two parts but χ is
more centered around the supertube locus (θ = pi2 ) and η is more centered around the center of the
R4 (θ = 0). For solutions with an arbitrary function of ξ, we construct the superposition of (1, 0, n),
(1, 1, n) and (2, 1, n) superstratum modes in the three next sections. For solutions with an arbitrary
function of χ, we construct the superposition of (k, 0, 1) modes in Section 3.4 and for solutions with an
arbitrary function of η, we construct the superposition of (k, k, 0) superstrata in Section 3.5.
The two last examples have an interesting feature in that their regularity requires a non-trivial
adjustment of the electrostatic potential Z1 and magnetic two-form flux Θ2. This is the supergravity
dual of the development of a particular CFT vev that has been described in [28].
3.1 The (1, 0, n) superstrata
The single-mode (1, 0, n) superstratum was first constructed in [2] and has been well-studied since
[3–5, 10, 6, 8, 7, 9]. For k = 1 and m = 0 there are no supercharged modes in the CFT and the
corresponding supergravity solutions are singular if one tries to incorporate them [16]. Thus G2 must
necessarily be set to zero. The underlying holomorphic function, G1, is given by the most general
superposition of the (1, 0, n) modes determined by an arbitrary function F fluctuating with the complex
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variable ξ (2.12):
G1(ξ, χ, η) = χF (ξ) =
aF (ξ)√
r2 + a2
sin θ eiϕ1 , F (ξ) =
∞∑
n=1
bn ξ
n . (3.1)
For simplicity, we will assume that the bn are real. (One can easily generalize to allow for complex bn.)
The connection one-form β is identical to the one of the seed supertube solution (2.7). The warp factor
of the six-dimensional metric (2.1) is now given by:
√
P = 1
Σ
√
Q1Q5 −
a2R2y
2 (r2 + a2)
|F |2 sin2 θ , (3.2)
where Σ is given in (2.6). The BPS equations then lead to the solutions:
F = 1
a2
(|F |2 − c) , ω = ω0 + Ry√
2 Σ
(c− |F |2) sin2 θ dϕ1 , (3.3)
where c is a constant and ω0 is given by (2.9). (The constant, c, and the one-form, ω0, are, in fact,
homogeneous solutions of the BPS equations.)
3.1.1 Gauge transformations
To get an asymptotically AdS metric we must arrange that F vanish at infinity. The easiest way to
achieve this is to define
F∞(v) ≡ lim|ξ|→1 F (ξ) = limr→∞ F (ξ) , (3.4)
and set
c =
1√
2piRy
∫ √2piRy
0
|F∞(v)|2 dv . (3.5)
This removes the mean-square value of |F∞(v)| from F at infinity. The difference, |F∞(v)|2− c, is then
purely oscillatory, and so we may define a periodic function, f , via:
f ≡ 1
2 a2
∫ v [
|F∞(v)|2 − c
]
dv , ∂vf =
1
2 a2
[
|F∞(v)|2 − c
]
. (3.6)
Using f to make a gauge transformation, as in (2.19), one arrives at:
F = 1
a2
(|F |2 − |F∞|2), (3.7)
ω =
(
1− 1
2a2
(|F∞|2 − c)
)
ω0 +
Ry√
2Σ
(|F∞|2 − |F |2) sin2 θdϕ1. (3.8)
These functions now fall off as 1
r2
at infinity and the non-oscillating terms yield the asymptotic charges.
One can remove the oscillating terms in 1
r2
in F using another gauge transformation at the cost of
adding some oscillating dr
r3
terms to ω.
It may seem somewhat surprising that this solution has oscillating terms that fall off rather weakly
at infinity. The root cause of this is that this solution contains some magnetic fluxes for the B-field of
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IIB supergravity that fall off very slowly at infinity. This is a peculiarity of taking k = 1. Higher values
of k result in stronger fall-off in the field through the stronger fall off in ∆k,m,n in (2.15).
We also note that the gauge transformation (3.6) makes a non-trivial re-definition of u that per-
sists all the way to r = 0. In particular, F , in (3.7) limits to a very non-trivial oscillating function,
− 1
a2
|F∞(v)|2, at r = 0. To get a simple smooth cap, one must undo this re-definition of the u coordinate.
Alternatively, one can use a modified gauge transformation, like the one defined by:
∂vfˆ ≡ 1
2 a2
|ξ|p
[
c − |F∞(v)|2
]
, (3.9)
for any suitably large p. Since |ξ| → 1 as r → ∞ and |ξ| ∼ r as r → 0, this reduces to the gauge
transformation (3.6) at infinity and yet vanishes in the cap. Thus we get the simple, global AdS3 × S3
metric at infinity and we preserve the standard form of the metric in the cap. The only other consequence
is that we also get a radial component of the angular momentum vector, ωr, proportional to ∂rfˆ . This
makes only sub-leading corrections to the metric in both limits.
3.1.2 Regularity
The metric (2.1) potentially has singularities at Σ = 0 and may also have closed time-like curves
(CTC’s). The function
√P has a factor of Σ−1 and this means that the singular terms can only arise in
the metric in the (ϕ1, ϕ2) directions. Indeed, we find that the only dangerous component is dϕ
2
1 whose
coefficient is
−
√
2Ry a
2
√P Σ sin
2 θ
(
ω1 +
Ry a
2F
2
√
2 Σ
sin2 θ
)
+
√
P (r2 + a2) sin2 θ , (3.10)
In the solution (3.2), (3.7)-(3.8) above, this reduces to
1
Σ
(
Q1Q5 −
a2R2y
2 (r2 + a2)
|F |2 sin2 θ
)− 1
2 [
Q1Q5 (r
2 + a2) − a2R2y (a2 + 12 c) sin2 θ
]
sin2 θ . (3.11)
To remove the singularity at r = 0, θ = pi2 one must impose the condition:
Q1Q5
R2y
= a2 +
1
2
c = a2 +
1
2
√
2piRy
∫ √2piRy
0
|F∞(v)|2 = a2 + 1
2
∞∑
n=1
b2n , (3.12)
where we have used the Taylor expansion (3.1). This is the generalization of (2.11) to the (1, 0, n) family
of superstrata.
The coefficient of dϕ21 in the metric then reduces to:(
Q1Q5 −
a2R2y
2 (r2 + a2)
|F |2 sin2 θ
)− 1
2
Q1Q5 sin
2 θ = (PΣ2)−1/2 sin2 θ , (3.13)
which is smooth and positive provided that PΣ2 > 0 everywhere. Using the holomorphicity of F , one
can prove rigorously that this is always true for any F . We refer the interested reader to the Appendix
D.1.1 for all the details.
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3.1.3 CTC’s and the y-circle
To check for closed time-like curves along all the circle directions, it is simplest to set dt = dr = dθ = 0
and extract the residual metric. It is also simplest to work in the coordinate gauge where the solution is
given by (3.3). One then completes the squares in the metric so as to reveal the potentially dangerous
curves. The result may be written as:
P−1/2
(
R2y|F |2
2Σ
r2
r2 + a2
cos2 θdϕ22 +
Q1Q5
Σ
sin2 θdϕ21
+
R2y
2a2Σ
(
2Q1Q5
R2y
− |F |2
)[
r2
R2y
dy2 + a2 cos2 θ
(
dϕ2 − dy
Ry
)2])
, (3.14)
where we have used (3.12) to eliminate the constant, c. This is positive definite if and only if
|F (ξ)|2 < 2Q1Q5
R2y
. (3.15)
We will return to this condition momentarily.
It is also instructive to examine the y-circle by writing (2.1) in terms of an S3 fibration over a base
defined by (t, y, r). For the reduced metric, (3.14), this means completing the squares in the dϕi and
leaving a residual pure dy2 term. If one also restores the dr2 term, the result is:
Σ
√P
(r2 + a2)
dr2 +
1
2a2
(
Q1Q5 −
a2R2y
2 (r2 + a2)
|F (ξ)|2
)−1(2Q1Q5
R2y
− |F (ξ)|2
)
Σ
√
P r2 dy2 . (3.16)
Since F vanishes as r → 0 and Σ2P → Q1Q5, this expression behaves as:
√
Q1Q5
a2
(
dr2 +
dy2
R2y
)
, (3.17)
which means the (r, y)-metric caps off smoothly.
Returning to the condition (3.15), we first note that this is satisfied if
|F (ξ)|2 ≤ c = 2Q1Q5
R2y
− 2a2 = 1√
2piRy
∫ √2piRy
0
|F∞(v)|2 dv =
∞∑
n=1
b2n (3.18)
If this condition is not satisfied then there is a danger that y circles might lead to CTC’s. However, we
do not need to require this inequality to be satisfied everywhere; rather, we only need to demand that
it is satisfied on some interval of every y-circle. If this happens then part of every y-circle is space-like
and the y-circles are not CTC’s (though they may contain some timelike arcs).
It is easy to see that this condition is met. For any circular loop with constant |ξ| = ρ, observe that
1√
2piRy
∮
|ξ|=ρ
|F (ξ)|2 dv =
∞∑
n=1
b2n ρ
2n ≤ c. (3.19)
Since the average value of |F (ξ)|2 around the y-circle satisfies (3.18), then if (3.18) is violated somewhere
on the circle then there must be another arc on which (3.18) is satisfied.
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This does not yet completely prove the absence of CTCs; one could imagine that there are other
closed loops in the ξ (unit) disc, more general than the circular, constant |ξ| loops that we just discussed.
However, we can show that for a non-constant holomorphic function F , one always has
c − |F (ξ)|2 > 0 (3.20)
along some interval of any simple, closed curve in the ξ-plane that winds around r = 0. The mathemat-
ical proof of this claim is given in Appendix D.2. This rigorously proves the absence of CTC’s along
along the circle directions.
3.1.4 Conserved charges
The second term in ω (3.8) falls off at infinity as r−4 and so does not contribute to the angular
momentum. The first term in (3.8) has only a purely oscillatory term that falls off at infinity as
r−2. This means that the angular momentum is exactly the same as the round supertube with F = 0:
JL = JR =
Ry
2
a2 , (3.21)
while using (2.21) one finds the momentum charge:
QP =
1
4
√
2piRy
∫ √2piRy
0
dv (ξ∞F ′∞(v)F¯∞(v) + c.c.) =
1
2
∞∑
n=1
n b2n . (3.22)
The quantized charges are then obtained by using (2.24).
3.2 The (1, 1, n) superstrata
In [9] it was shown that the (k,m, n) and (k, k − m,n) single-mode superstrata are rather similar
solutions. In six dimensions they are almost related by sending θ → pi2 − θ and making coordinate
redefinitions in (ϕ1, ϕ2). If one performs the requisite spectral transformations followed by dimensional
reduction to five dimensions, then they indeed become identical [9]. Thus it is no surprise that the
analysis of the (1, 1, n) multi-mode family built from
G1(ξ, χ, η) = η F (ξ) =
aF (ξ)√
r2 + a2
cos θ e
i
(√
2v
Ry
−ϕ2
)
, F (ξ) =
∞∑
n=1
bn ξ
n , (3.23)
is almost identical to that of the (1, 0, n) multi-mode family presented above. To avoid duplication of
the previous sections analysis we will be brief in discussing its construction.
The connection one-form β is the same as for the seed supertube (2.7). The metric warp factor is now
given by:
√
P = 1
Σ
√
Q1Q5 −
a2R2y
2 (r2 + a2)
|F |2 cos2 θ . (3.24)
The BPS equations are then solved by:
F = 1
a2
(|ξ|2 |F |2 − c) , ω = ω0 + Ry√
2 Σ
(
c sin2 θ dϕ1 + |ξ|2|F |2 cos2 θ dϕ2
)
. (3.25)
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Ensuring the metric is asymptotically AdS now fixes c in the same manner as the (1, 0, n) multi-mode
c =
1√
2piRy
∫ √2piRy
0
|F∞(v)|2 . (3.26)
This is identical to the (1, 0, n) family since F has the same limit as r →∞ .
Performing the same gauge transformation (3.6) as in the (1, 0, n) case, one arrives at the final
expressions:
F = 1
a2
(|ξ|2|F |2 − |F∞|2), (3.27)
ω =
(
1− 1
2a2
(|F∞|2 − c)
)
ω0 +
Ry√
2Σ
(|F∞|2 sin2 θdϕ1 + |ξ|2|F |2 cos2 θdϕ2) , (3.28)
which have the correct fall off at infinity.
The analysis of the regularity of the metric proceeds precisely as for the (1, 0, n) superstrata in
Section 3.1.2; in particular, we again have the condition:
Q1Q5
R2y
= a2 +
1
2
c . (3.29)
One can similarly check that P > 0 everywhere. The analogy of (3.14) for the (1, 1, n) metric with
dt = dr = dθ = 0 in the gauge (3.25) is:
P−1/2
(
R2y|F |2
2Σ
r2
r2 + a2
sin2 θ
(
dϕ1 − dy
Ry
)2
+
Q1Q5
Σ
cos2 θ
(
dϕ2 − dy
Ry
)2
+
R2y
2a2
(
2Q1Q5
R2y
− |F |2
)[
r2
R2y
dy2 + a2 sin2 θdϕ21
])
, (3.30)
so we again see that this is positive-definite if and only if (3.15) is satisfied, which we expect to hold
(see Section 3.1.3).
Finally, the conserved supergravity charges are given by:
QP =
1
2
∞∑
n=1
(n+ 1)b2n , JL =
Ry
2
a2 , JR =
Ry
2
(
a2 + c
)
, (3.31)
from which one obtains the quantized charges by using (2.24).
3.3 The (2, 1, n) superstrata
The single-mode (2, 1, n) superstratum has been studied in [3,16,8,9]. For k ≥ 2 there are supercharged
modes in the CFT [16] and so this is one of the simplest examples in which such modes arise, and
for which there are two independent holomorphic functions. We give the full supercharged solution in
Appendix B.1; here we will restrict to the significantly simpler solutions constructed from the original
(2, 1, n) modes [3]. Thus we set G2 ≡ 0. The remaining holomorphic function, G1, is then given by
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the most general superposition of the original (2, 1, n) modes determined by an arbitrary function F
fluctuating with the complex variable ξ (2.12):
G1(ξ, χ, η) = χη F (ξ) =
a2 F (ξ)
a2 + r2
sin θ cos θ e
i
(√
2v
Ry
+ϕ1−ϕ2
)
, F (ξ) =
∞∑
n=1
bn ξ
n , (3.32)
where bn are real Fourier coefficients. Once again, the connection one-form β is still given by its seed
value (2.7). The metric warp factor is given by:
√
P = 1
Σ
√
Q1Q5 −
a4R2y
2 (r2 + a2)2
|F |2 sin2 θ cos2 θ . (3.33)
We decompose ω as follows
ω = ω0 + $r dr + $θ dθ + $1 dϕ1 + $2 dϕ2 , (3.34)
where ω0 is defined in (2.9). The quantities F and ω are determined by the BPS equations sourced by
G1:
F = 1
4 a2
(1− |ξ|2)(1− |χ|2) |F |2 + 1
a2
K(ξ, ξ¯) , $r = $θ = 0 ,
$1 = − Ry
2
√
2Σ
sin2 θ
[
|η|2 |F |2 + K(ξ, ξ¯)
]
,
$2 =
Ry
2
√
2Σ
cos2 θ
[
|ξ|2|χ|2 |F |2 + K(ξ, ξ¯)
]
,
(3.35)
where we have defined
K(ξ, ξ¯) ≡
∫ |ξ|
0
x
∣∣∣∣F(x ei√2Ry v)∣∣∣∣2 dx . (3.36)
Once again, note that the solutions are sesquilinear in F .
One can also add non-trivial solutions of the homogeneous BPS equations. The ones needed here are
a combination of a trivial harmonic solution with a constant coefficient, c(0), and a gauge transformation
(2.19) involving a holomorphic function, c(1)(ξ):
F → F − c
(1)(ξ) + c(1)(ξ¯)
a2
,
ω → ω + c
(0)
2 a2
ω0 +
c(1)(ξ) + c(1)(ξ¯)
2 a2
β +
iRy
2
√
2 r(r2 + a2)
(
c(1)(ξ)− c(1)(ξ¯)
)
dr,
(3.37)
where β and ω0 are defined in (2.7) and (2.9), c
(0) is an arbitrary constant. The function, c(1), is a
priori arbitrary, but it will be fixed in the next section. This leads to the final expressions:
F = 1
4 a2
(1− |ξ|2)(1− |χ|2) |F |2 + 1
a2
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)]
,
ω =
(
1 +
c(0)
2 a2
)
ω0 +
i Ry
2
√
2 r (r2 + a2)
(
c(1) − c¯(1)
)
dr
− Ry
2
√
2Σ
(
|η|2 |F |2 +
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)])
sin2 θ dϕ1
+
Ry
2
√
2Σ
(
|ξ|2|χ|2 |F |2 +
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)])
cos2 θ dϕ2 ,
(3.38)
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3.3.1 Regularity
First we address the behavior as r → ∞, where we want the to be asymptotic to AdS3×S3. This
requires F and ω to decay as r−2. As before, F goes to a constant and a v-dependent oscillating term
at the boundary. To make F vanish at infinity we fix c(1) via:
c(1)(ξ) ≡
∞∑
n=1
b2n
4(n+ 1)
+
∞∑
n, `=1
bnbn+`
2(1 + n) + `
ξ` , (3.39)
With this choice, one then that F and ω decay at least as r−2 and the solutions are asymptotic to
AdS3×S3.
At the supertube locus, r = 0, θ = pi2 , there are divergences in the solution. The only dangerous
term comes from the metric component along the supertube, that is the coefficient of dϕ21 given by
(3.10). To remove the singularity, one must impose
Q1Q5
R2y
= a2 +
1
2
c(0) . (3.40)
To analyze the behaviour at the “center of space,” r = 0, θ = 0, one has to switch to new polar
coordinates (r˜, θ˜) and take the limit r˜ → 0:
r ∼ r˜ cos θ˜ , sin θ ∼ r˜
a
sin θ˜ ⇒ ξ ∼ r˜
a
cos θ˜ e
i
√
2
Ry
v
, χ ∼ r˜
a
sin θ˜ eiφ1 . (3.41)
The θ and ϕ1 components of the angular-momentum one-form vanish when r˜ → 0. However, ω2 goes
to a constant, which means there are CTC’s. We therefore must cancel this constant by fixing c(0)
according to:
c(0) ≡
∞∑
n=1
b2n
2(n+ 1)
=
1√
2piRy
∫ √2piRy
0
K∞(v) dv , (3.42)
where we have defined
K∞(v) ≡ lim|ξ|→1K(ξ, ξ¯) = limr→∞K(ξ, ξ¯) . (3.43)
Moreover, in order to have a well-defined solution, one must have
√P real and so P > 0 everywhere.
This can be proven rigorously for generic F using the holomorphicity of the function. We refer the
interested reader to the Appendix D.1.1 for the details of the proof.
Investigating the absence of CTC’s in this geometry is a daunting task, which we will not complete.
Indeed, checking that there are no closed time-like curves for generic F (ξ) along all the circle directions,
as it has been done in Section 3.1.3 for the (1, 0, n) solutions, is very non-trivial with the solutions
above. This issue should take a much simpler form for particular choices of F (ξ). From the dual CFT,
we expect there to be no constraints on the possible holomorphic functions that can show up as (2, 1, n)
superstrata, so we also do not expect any choice of holomorphic function F to lead to the presence of
CTC’s. (See, also, the discussion in Section 7.)
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3.3.2 Conserved charges
The angular momenta JR and JL and the momentum charge QP can be read off from the asymptotic
behaviour of ω, β and F through the expressions (2.20) and (2.21). For the solutions constructed above,
we obtain:
QP =
1
8
∞∑
n=1
b2n , JL =
Ry
2
a2 , JR =
Ry
2
(
a2 +
1
2
c(0)
)
=
Ry
2
(
a2 +
1
2
∞∑
n=1
b2n
2(n+ 1)
)
.
(3.44)
Again, the quantized charges are obtained from these supergravity charges by using (2.24).
3.4 The (k, 0, 1) superstrata
The single-mode (k, 0, 1) superstratum has been constructed and studied in [6]. For m = 0 there are no
supercharged modes in the CFT and the corresponding supergravity solutions are singular if one tries
to incorporate them. Thus we once again set G2 ≡ 0. The underlying holomorphic function, G1, is
given by the most general superposition of the (k, 0, 1) modes determined by an arbitrary function F
fluctuating with the complex variable χ (2.12):
G1(ξ, χ, µ) = ξ χ ∂χF (χ) , G2(ξ, χ, µ) = 0 . (3.45)
We define the real Fourier modes of F as before:
F (χ) =
∞∑
k=1
bk χ
k . (3.46)
We could also take G1(ξ, χ, µ) = ξ F (χ) in analogy with the previous examples, but it simplifies the
results if we use (3.45) as we will not have to introduce the primitive of F . The connection β is given
by (2.7). We decompose ω as in (3.34). The quantities determining the metric are given by:
√
P = 1
Σ
√
Q1Q5 −
R2y |ξ|2|χ|2
2
∂χ∂χ¯|F |2 , F = |F |
2
Σ
,
$r =
i Ry
2
√
2
|ξ|2
rΣ
[
χ∂χ|F |2 − χ¯ ∂χ¯|F |2
]
, $θ = 0 ,
$1 =
Ry√
2 Σ
(
1
2
|ξ|2
[
χ∂χ
( |F |2
1− |χ|2
)
+ χ¯ ∂χ¯
( |F |2
1− |χ|2
)]
− 1− |ξ|
2
1− |χ|2 |F |
2
)
sin2 θ,
$2 =
Ry√
2 Σ
(
1
2
|ξ|2
[
χ∂χ
( |F |2
1− |χ|2
)
+ χ¯ ∂χ¯
( |F |2
1− |χ|2
)])
cos2 θ .
(3.47)
We will also need non-trivial solutions of the homogeneous BPS equations. A priori the calculation
of such solutions is non-trivial. However, the holomorphic structure of the BPS solutions renders this
relatively easy. Indeed, the homogeneous solution that we will need to add to F and ω can be generated
trivially from (3.47) by the mapping:
|F |2 → |F |2 − c(χ) − c(χ¯) , (3.48)
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where c is an arbitrary holomorphic function. It is not, a priori, obvious that this replacement results
in homogeneous solutions to the BPS equations: It is simply an empirical fact based on the direct
computations and is a consequence of the holomorphic structure of the BPS system. We will use this
technique for generating homogeneous solutions in other superstrata and we will comment on its possible
significance in Section 7.
3.4.1 Regularity
The investigation of regularity proceeds much as before, but there is a new and interesting issue near
the supertube locus and this leads to a non-trivial result that is also apparent in the correlators of the
holographically dual CFT [28].
First we handle the straightforward issues. As r → ∞, one has |ξ| ∼ 1 − a2
r2
, |χ| ∼ a2 sin2 θ
r2
and
one can easily verify that F and ω given by (3.47) decay as r−2. Thus, unlike the previous examples,
the solutions determined by (3.47) do not need any modification to get a metric that is asymptotic to
AdS3×S3. Moreover, the plane where the ϕ1-cycle (resp. ϕ2-cycle) shrinks at θ = 0 (resp. θ = pi2 )
do not lead to any singularity when r 6= 0. Indeed, it is straightforward to check that the scalars are
indeed independent of ϕ1 on this plane (resp. ϕ2) and that the forms have no legs along the shrinking
direction. As before, to examine the neighborhood of r = 0, θ = 0 (ξ = 0, χ = 0) one needs to change
to the polar coordinates (3.41). The components angular-momentum one-form all vanish and so do not
produce CTC’s.
It is at r = 0, θ = pi2 that things get interesting: there are divergences. To reveal them more clearly,
it is useful to use polar coordinates (ρ, ϑ) around the supertube locus for small ρ:
r = ρ cosϑ , sin θ = 1− ρ
2
2a2
sin2 ϑ ⇒ ξ ∼ ρ
a
cosϑ e
i
√
2
Ry
v
, χ ∼
(
1− ρ
2
2a2
sin2 ϑ
)
eiϕ1 . (3.49)
The divergence in F has the following form:
F = F
(
eiφ1
)
F
(
e−iφ1
)− c (eiφ1)− c (e−iφ1)
ρ2 sin2 ϑ
+ O
ρ→0
(1) . (3.50)
We can cancel this singularity by fixing c via:
c(χ) =
1
2
∞∑
k=1
b2k +
∞∑
k, `=1
bk bk+` χ
` , (3.51)
where bk are the Fourier coefficients of F (3.46). This choice of c(χ) does not change the asymptotics
at infinity and does not introduce singularities elsewhere. It also cancels the ρ−1 divergence in $r, the
ρ−4 divergence in $1 and the ρ−2 divergence in $2.
Next, one needs to examine (3.10) and cancel the ρ−2 divergence in the metric components along
dϕ21. As ρ→ 0, one has
√
Q1Q5
R2y
gϕ1ϕ1 ∼
1
ρ2
Q1Q5
R2y
− a2 − 1
2
∞∑
k=1
k b2k −
∞∑
k, `=1
k bk bk+` cos(` ϕ1)
 . (3.52)
21
This contains a fluctuating component that cannot be cancelled by a simple constraint like (2.11), (3.12)
or (3.40). However this divergence is easily fixed. The expression (3.52) represents a charge density
fluctuation that is being induced along the supertube by this class of momentum waves. We therefore
have to address this by allowing such a variation in the original supertube charge density. This means
that the harmonic part of Z1 needs to be allowed to vary according to
Z1 =
Q1
Σ
+
R2y
2Q5 Σ
(
λ(χ) + λ(χ¯)
)
+ ... , (3.53)
where λ is an arbitrary holomorphic function and the “...” denotes the fluctuating modes associated
with the momentum wave7. (See Section 5.1.1 for more details of the momentum wave terms.). This
modifies P in (3.47):
√
P = 1
Σ
√
Q1Q5 +
R2y
2
(
λ(χ) + λ(χ¯)− |ξ|2|χ|2 ∂χ∂χ¯|F |2
)
, (3.54)
but the additional term in Z1 makes no other changes in the superstratum solution. (This is because of
the near-trivial form, (5.8), of some of the other fields in the superstratum Ansatz.) Thus this addition
to Z1 still solves the BPS equations with only minor modifications to the metric.
Returning to (3.10), the modification of Z1, or P, amounts to replacing
Q1Q5 → Q1Q5 +
R2y
2
(
λ(eiϕ1) + λ(e−iϕ1)
)
, (3.55)
in (3.52). One can then cancel the divergence in gϕ1ϕ1 by taking
Q1Q5
R2y
= a2 +
1
2
∞∑
k=1
k b2k = a
2 +
1
4pii
∮
|χ|=1
F¯ ∂χF dχ , λ(χ) =
∞∑
k, `=1
k bk bk+` χ
` . (3.56)
The zero modes thus gives us the usual regularity constraint, akin to (2.11), (3.12) and (3.40), while the
non-trivial modes are cancelled by the supertube charge density fluctuations, λ(χ). Having cancelled
the divergence, the metric is regular in the neighborhood of r = 0.
The charge density fluctuation might however induce CTC’s. Specifically, the charge density fluctu-
ations must not cause Z1 to go negative or, equivalently, P must remain positive everywhere. We have
proven that this is indeed true for generic holomorphic function F in the Appendix D.1.3.
It is thus very gratifying that the required charge density variations (3.55) in Z1, preserve the
smoothness of the metric and place no restrictions on the Fourier coefficients, and hence on F (χ).
Finally, as for the (2, 1, n) family above, we will not complete the daunting analysis of CTC’s in
this geometry for generic F (χ). Holography suggests we should not expect any choice of holomorphic
function F to lead to the presence of CTC’s. (See, also, the discussion in Section 7.)
7Note that we must require λ(0) = 0 to avoid modifying the Q1 overall charge since the boundary r →∞ corresponds
to χ→ 0.
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3.4.2 Conserved charges
The angular momenta JR and JL and the momentum charge QP can be read off from the asymptotic
form of ω, β and F through the expressions (2.20) and (2.21). For the solutions constructed above, we
obtain the following supergravity charges:
QP =
1
2
∞∑
k=1
b2k =
1
4pii
∮
|χ|=1
|F |2
χ
dχ , JL = JR =
Ry
2
a2 , (3.57)
from which the quantized charges are obtained by using (2.24).
3.5 The (k, k, 0) superstrata
In this final section, we construct the solutions obtained from superposition of (k, k, 0) superstrata.
They form the simplest example of family of solutions that fluctuate according to the third complex
variable, η (2.12). Unlike the functions of the variable χ, which correspond to fluctuations around the
supertube locus, the function of variable η correspond to fluctuations around the center of R4. For this
purpose, it is convenient to introduce the “distance” to the center of R4,
Λ ≡ r2 + a2 sin2 θ . (3.58)
For n = 0, there are no supercharged modes in the CFT and we once again set G2 ≡ 0. The underlying
holomorphic function, G1, is given by the most general superposition of the (k, k, 0) modes determined
by an arbitrary function F fluctuating with the complex variable η (2.12):
G(ξ, χ, µ) = F (η) , F (η) =
∞∑
k=1
bk η
k , (3.59)
where bk are taken to be real. The connection β is given by (2.7). The metric warp factor is given by:
√
P = 1
Σ
√
Q1Q5 −
R2y
2
|F |2 . (3.60)
As for F and ω, the BPS equations lead to the solutions:
F = |F |
2 − c
Λ
, ω = ω0 +
Ry√
2 ΛΣ
(
c− |F |2) [(a2 + r2) sin2 θ dϕ1 + r2 cos2 θ dϕ2] , (3.61)
where c is a constant, corresponding to a homogeneous solution, and ω0 is given by (2.9). One can
compare the expression of F with the supersposition of (k, 0, 1) superstrata (3.47) and note that the
fluctuations along η are indeed centred around the center of R4, Λ ∼ 0, whereas the fluctuations along
χ are around the supertube locus, Σ ∼ 0 as expected.
3.5.1 Regularity
The investigation of regularity proceeds much as before, but once again there is an interesting issue
near the center of R4 that is related to the development of vevs in the dual CFT [28].
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We first handle the straightforward regularity analysis. As r → ∞, one can easily verify that F
and ω given by (3.61) decay as r−2. Moreover, the plane where the ϕ1-cycle (resp. ϕ2-cycle) shrinks at
θ = 0 (resp. θ = pi2 ) do not lead to any singularity when r 6= 0. Indeed, it is straightforward to check
that the scalars are indeed independent of ϕ1 on this plane (resp. ϕ2) and that the forms have no legs
along the shrinking direction.
At the center of R4, r = 0, θ = 0, there are divergences that need to be regularized. To reveal them
more clearly, one needs to change to the polar coordinates (3.41). The divergence in F has form:
F = −
∑∞
k=1 bk
2 + 2
∑∞
`=1 (
∑∞
k=1 bk bk+`) cos
[
`
(√
2 vRy − ϕ2
)]
− c
r˜2
+ O
r˜→0
(1) . (3.62)
This contains a fluctuating component that cannot be cancelled by the constant term c. However, the
expression (3.62) represents a charge density fluctuation that is being induced along the center of R4
by the class of (k, k, 0) momentum waves. We therefore have to address this issue by modifying the
tensor gauge fields as for the superposition of (k, 0, 1) superstrata. That is, we add a solution of the
BPS equations parametrized by an arbitrary function λ(η) given by
Z1 → Z1 +
R2y
2Q5 Σ
(λ(η) + λ(η¯)) , Θ2 → Θ2 + Ry
Q5
[
η ∂ηλ(η) Ωy + η¯ ∂η¯λ(η¯) Ω¯y
]
,
F → F − λ(η) + λ(η¯)
Λ
, ω → ω + Ry (λ(η) + λ(η¯))√
2 ΛΣ
(
(a2 + r2) sin2 θ dϕ1 + r
2 cos2 θdϕ2
)
,
(3.63)
where Ωy is a self-dual form that will be detailed later (6.3). Then, by fixing
c =
∞∑
k=1
bk
2 =
1
2pii
∮
|η|=1
|F (η)|2
η
dη , λ(η) =
∞∑
k,`=1
bk bk+` η
` , (3.64)
all the divergences vanish. Moreover, this specific choice makes also all the non-vanishing scalars, as
P, to be independent of the S3 angles and all θ-components, ϕ1-components and ϕ2-components of the
forms to vanish. We have then regularized the solutions at the center of R4.
At the supertube locus, r = 0, θ = pi2 , we have the same type of divergences as for the solutions that
are fluctuating with ξ. They are simply cancelled by investigating the metric component along dϕ21 and
by requiring that
Q1Q5
R2y
= a2 +
1
2
∞∑
k=1
b2k = a
2 +
1
4pii
∮
|η|=1
|F (η)|2
η
dη . (3.65)
Moreover, to have regular six-dimensional solutions, one needs first to require that
√P is well-
defined everywhere and that there are no closed time-like curves along all the circle directions. The first
condition, P ≥ 0 can be proven for generic holomorphic function F (see Appendix D.1.4). As for the
second condition, this is more subtle and we leave the question for future works. However, we strongly
believe that the solutions are indeed free of CTC’s for generic holomorphic function F and that it could
be shown in a similar fashion as for the (1, 0, n) superstrata detailed in Section 3.1.3 and Appendix D.2.
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3.5.2 Conserved charges
The angular momenta JR and JL and the momentum charge QP can be read off from the asymptotic
form of ω, β and F through the expressions (2.20) and (2.21). For the solutions constructed above, we
obtain the supergravity charges:
QP =
1
2
∞∑
k=1
b2k =
1
4pii
∮
|η|=1
|F (η)|2
η
dη , JL =
Ry
2
a2 ,
JR =
Ry
2
(
a2 +
1
2
∞∑
k=1
b2k
)
=
Ry
2
(
a2 +
1
4pii
∮
|η|=1
|F (η)|2
η
dη
)
.
(3.66)
3.6 Yet more superstrata
We have computed other examples of superstrata and wish to remind the reader that these examples
may be found in Appendix B. We have extended the family of (2, 1, n) superstrata above to the same
solutions with supercharged modes in Appendix B.1. This essentially results in solutions fluctuating
with two arbitrary functions of one variable. Moreover, we have also obtained the solutions for (k, 0, n)
superstrata for fixed n and arbitrary k. This may be found in Appendix B.2. Those solutions are
necessarily expressed in terms of recurrence relations but the expressions in B.2 are significantly simpler
than the recurrence relations that have appeared elsewhere, such as in [13,2].
4 Localizing momentum in the (1, 0, n) superstrata
In this section we give examples of (1, 0, n) multimode superstrata in which the momentum wave is
“localized” on the y-circle at infinity. This is a notable departure from a single mode superstrata in
which the momentum charge is evenly smeared around the y circle. We will focus on the details of the
three-dimensional geometry, producing several contour plots highlighting the behavior of the y-circle
for various choices of mode function F (ξ).
4.1 Metric as an S3 fibration
The general (1, 0, n) multimode metric (2.1), with β, P, ω, F given by (2.7), (3.2) and (3.3), can be
written as an S3 fibered over a three-dimensional base manifold K with metric dsˆ2K:
ds2(1,0,n) = dsˆ
2
K + dsˆ
2
S3 . (4.1)
The sphere part dsˆ2S3 is schematically of the form:
dsˆ2S3 = gθθ dθ
2 + g11(dϕ1 +A
(1)
t dt)
2 + g22(dϕ2 +A
(2)
t dt+A
(2)
y dy)
2 ,
and the three-dimensional part takes the form:
dsˆ2K = gˆtt dt
2 + gˆyy(dy + Aˆ
(y)
t dt)
2 + gˆrr dr
2 . (4.2)
25
The geometry of the three-dimensional metric is driven by the behavior of the y-circle. For the
single-mode superstrata this circle has three distinct phases. As r → ∞, the circle grows as in (1.3)
to produce asymptotically AdS3. As r → 0, the circle pinches off smoothly giving a cap with bounded
curvature. In the intermediate regime, the radius of the y-circle stabilizes to approximate a long BTZ
throat. We will demonstrate this behavior in the next section and see how multiple excited modes
modify this behavior.
To fully analyze the y-circle we rewrite gˆyy as:
gˆyy =
 r
2Σ
√
1− |F |2 sin2 θ
2(a2+r2)
a3Ry (c cos2 θ + 2Σ)
(
1− |F |2
2(a2+r2)
)
 g˜yy where g˜yy = 2a2 + c− |F |2 , (4.3)
and c is given in (3.5). Note that whereas the factor in parentheses, gˆyy/g˜yy, is always non-negative
(see, for example, Section 3.1.2), g˜yy (and thus gˆyy) may be negative in certain regions. However, as
discussed in Section 3.1, the regions where g˜yy < 0 will not lead to CTCs. The factor g˜yy is more
sensitive than gˆyy to the behavior of F (ξ) and will be used to illustrate the multimode superstata of
the examples in Sections 4.3 and 4.4 below.
4.2 Limits of the three-dimensional metric
The three-dimensional metric dsˆ2K has three distinct scaling limits: r → 0, r →∞, and an intermediate
a < r <
√
c region which becomes dominant for a r  √c.
• The metric near the cap:
To see that the cap is smooth one simply expands the metric around r = 0. To do this, it is
convenient to define the dimensionless variable ρ = r/a, and then one finds:
lim
ρ→0
dsˆ2K =
√
Q1Q5
(1− ρ2)dρ2 − a4R2y
(Q1Q5)2
(1 + ρ2) dt2 +
ρ2
R2y
(
dy +
R2y c
2Q1Q5
dt
)2
+
b21R
2
yρ
2
4
√
Q1Q5
(
a4R2y(3 + cos 2θ)
2(Q1Q5)2
dt2 + sin2 θ dρ2
)
+O(ρ3) . (4.4)
The important point is that at O(ρ2) there are no corrections to dy2 and so there is no conical
singularity at ρ = 0 and the metric limits precisely to that of flat Minkowski space.
More generally, one finds that, at higher order, the cap metric takes the form:
lim
ρ→0
dsˆ2K =
√
Q1Q5
 dρ2
ρ2 + 1
− a
4R2y
(Q1Q5)2
(1 + ρ2) dt2 +
ρ2
R2y
(
dy +
R2y c
2Q1Q5
dt
)2 + O(|F |2) , (4.5)
where O(|F |2) denotes terms that vanish at the same rate as |F |2 as r → 0. Indeed, (4.4) shows
the |F |2 corrections at O(ρ2). The expansion (4.5) shows that the cap metric is, in fact, that of
a global AdS3, corrected by |F |2. By defining n0 = min{n ≥ 1, bn 6= 0}, |F |2 vanishes as O(ρ2n0)
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at ρ = 0, then the cap metric is that of global AdS3 to the same order. This property of the cap
metric was an important element in understanding the scattering from single mode superstrata [7].
• The metric at infinity:
We set ρ ≡ r(Q1Q5)−1/2 and take the limit as ρ→∞. The geometry then becomes:
lim
ρ→∞ dsˆ
2
K =
√
Q1Q5
[
dρ2
ρ2
+ ρ2 dy2 − ρ2 dt2 + (c− |F∞(v)|
2)ρ2
2a2
(dy + dt)2
]
+O(ρ0) , (4.6)
where we have kept the correct leading term in the dy2 coefficient to avoid degeneracy. As discussed
in Section 3.1.1, we must perform the gauge transformation:
t′ = t+
1√
2
f and y′ = y − 1√
2
f , (4.7)
where f is defined in (3.6), to obtain AdS3 in its canonical form. Indeed, applying this gauge
transformation gives:
lim
ρ→∞ dsˆ
2
K =
√
Q1Q5
[
dρ2
ρ2
+ ρ2 (dy′)2 − ρ2 (dt′)2
]
+O(ρ0) . (4.8)
as expected.
• The intermediate BTZ throat:
We consider the long throat regime a c and take r & a. Then, we scale ρ = r/√Q1Q5, and work
in the same gauge that (4.8) is expressed (i.e. we use the solution as presented in (3.7)-(3.8)).
After defining
F˜ (v) =
1
2
∑
m,n
bmbn(m+ n)e
i
√
2
Ry
(m−n)v
, (4.9)
the three-dimensional base may be written as:
lim
a→0
dsˆ2K =
√
Q1Q5
(
dρ2
ρ2
− ρ2 dt2 + ρ2 dy2
)
+
√
Q1Q5
R2y
(
−1
4
+
F˜ (v)
c
+
|F∞(v)|2
2c
− |F∞(v)|
4
4c2
)
(dy + dt)2 +O(a2) , (4.10)
which is the form of extremal-BTZ geometry with oscillatory perturbations coming from the
second line. For a single mode solution with F (ξ) = bξn, this reduces exactly to the BTZ result
since [
−1
4
+
F˜ (v)
c
+
|F∞(v)|2
2c
− |F∞(v)|
4
4c2
]
F (ξ)=bξn
= n . (4.11)
We see that depending on the distribution of the {bn}, the size of the oscillatory perturbation on
top of the BTZ throat can be tuned.
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4.3 Non-localized momentum wave examples
Perhaps the simplest way to see the effect of having multiple modes is to compare a single mode solution
to a two-mode solution, the general form of which may be written as
F (ξ) = bn1 ξ
n1 + bn2 ξ
n2 . (4.12)
The charge, QP , of such a solution is:
QP =
1
2
(n1 b
2
n1 + n2 b
2
n2), (4.13)
and the constraint (3.12) reads c = b2n1 + b
2
n1 .
To consider the effect of even more modes, we can consider a sum of sine functions8, thus giving an
infinite mode superposition. So we consider F (ξ) of the form
F (ξ) = b˜α sinαξ + b˜β sinβξ ,
carrying charge
QP =
1
2
∞∑
n=0
(2n+ 1)
(
b˜αα
2n+1 + b˜ββ
2n+1
(2n+ 1)!
)2
, (4.14)
the constraint (3.12) now reads:
c =
∞∑
n=0
(
b˜αα
2n+1 + b˜ββ
2n+1
(2n+ 1)!
)2
. (4.15)
To analyze how the geometry is altered by adding more modes, as in the examples above, we have
produced contour plots of g˜yy (as defined in (4.3)) for F (ξ) proportional to the functions
ξ2 , 2ξ2 + ξ4 , sin ξ , 2 sin ξ + sin 2ξ ,
in Fig. 1 and 2. In all such contour plots (Figs. 1, 2, 3, 5) we set (a = 1, Ry = 1, θ = 0) and scale F (ξ)
so that c = 100. These choices ensure there is a large throat region for a < r <
√
c, as is necessary for
microstate geometries. Also note that the plots are made on the complex ξ-plane, although the radial
direction has been rescaled to tan r, to emphasize the different features.
It is clear from the plots that the y circle for solutions with more than one mode no longer deforms
uniformly as r varies. This is obvious in the plots since the circular symmetry is broken when more
than one mode is turned on. We also see that the negative domains, when present, does not wrap the
origin. This is a necessary condition to avoid CTC’s in the geometry (see Section 3.1.3), and all of the
examples we consider clearly exhibit this property.
8The cosine is a poor choice since it has a constant piece, in conflict with the definition (3.1).
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(a) F (ξ) = 10ξ2
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Figure 1: Contour plots of g˜yy with (a = 1, Ry = 1, θ = 0, c = 100) for specified F (ξ). Plotted on the unit disc
|ξ| ≤ 1 with radial direction rescaled to tan r. The boundaries between positive and negative domains (g˜yy = 0),
if present, are separated by a dashed white line.
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
~ Re(ξ)
~
Im
(ξ
)
-20
0
20
40
60
80
100
(a) F (ξ) = 9.86 sin ξ
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(b) F (ξ) = 2.30(2 sin ξ + sin 2ξ)
Figure 2: Contour plots of g˜yy with (a = 1, Ry = 1, θ = 0, c = 100) for specified F (ξ). Plotted on the unit disc
|ξ| ≤ 1 with radial direction rescaled to tan r. The boundaries between positive and negative domains (g˜yy = 0)
are separated by a dashed white line.
4.4 Localized momentum wave examples
For the solutions of the previous section, the momentum charge was smeared around the y-circle, but for
multi-mode solutions this is no longer necessary. We can demonstrate this most strongly by considering
holomorphic functions F so that |F | has a sharp peak on the |ξ| = 1 disk boundary. A simple candidate
for such an F is built by fixing it such that |F |2 is proportional to a wrapped Cauchy distribution on
29
the boundary:
F (ξ) = c1/2(e2γ − 1)1/2 ξ
eγ − ξe−iκ . (4.16)
Note that the constant c corresponds to L2-norm of F at the boundary previously defined in (3.5). The
corresponding Fourier coefficients are (for n ≥ 1):
bn = c
1/2(e2γ − 1)1/2e−(n−1)iκe−nγ . (4.17)
These are real when κ = 0 or κ = pi. The momentum charge of this solution is:
QP = c (coth γ + 1) ∼ c
γ
+O(γ0), (4.18)
where we give the behaviour for small γ. Note that (3.12) is satisfied by construction.
There are two free parameters: κ determines the location of the peak of the function in the compact
direction as
√
2v/Ry ∼ κ; γ determines the strength of this peak. The only constraint on γ is γ > 0;
taking γ smaller makes the peak more pronounced. Quantitatively, if we write:
QP =
1√
2piRy
∫ √2piRy
0
δQP (v) dv , (4.19)
where we define δQP (v) through (3.22), then we see that for small γ:
δQP (v = 0) ∼ 4c
γ2
. (4.20)
Since QP ∼ c/γ, we see that taking γ small clearly does “localize” the momentum charge at v ∼ κ. We
illustrate this in Fig. 3 by plotting g˜yy with κ = pi/
√
2 for γ ∈ (1, 0.3). The figures show qualitatively,
very different behavior to the single mode solution in Fig. 1. As the peak strength increases the negative
domain becomes more localized to the boundary. To show how peaked the momentum waves are for
these examples we also plot |F∞(v)|2 on the boundary in Fig. 4.
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Figure 3: Contour plots of g˜yy with (a = 1, Ry = 1, θ = 0, c = 100) for specified F (ξ). Plotted on the unit disc
|ξ| ≤ 1 with radial direction rescaled to tan r. The boundaries between positive and negative domains (g˜yy = 0)
are separated by a dashed white line.
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Figure 4: Plot of |F∞(v)|2 for v ∈ [0,
√
2pi) where F is proportional to a Cauchy distribution (4.16) with γ as
labeled and κ = pi/
√
2.
It is also easy to take linear combinations of such distributions, for example:
F (ξ) = C
(
(e2γ1 − 1)1/2 ξ
eγ1 − ξe−iκ1 + (e
2γ2 − 1)1/2 ξ
eγ2 − ξe−iκ2
)
, (4.21)
where C is a constant such that (3.12) is satisfied. Fixing C so that c = 100 again, we have made plots
with (κ1 = pi/
√
2, κ2 = 0) in Fig. 5. The figures show the behavior one would expect, as the strength
of one of the peaks decreases the distribution interpolates smoothly back to the form of the single peak
solutions.
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Figure 5: Contour plots of g˜yy with (a = 1, Ry = 1, θ = 0, c = 100) for specified F (ξ). Plotted on the unit disc
|ξ| ≤ 1 with radial direction rescaled to tan r. The boundaries between positive and negative domains (g˜yy = 0)
are separated by a dashed white line.
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5 The emergence of holomorphy in superstrata
Having provided the new families of metrics, we now return to the beginning and give more complete
details of our new holomorphic-wave superstrata. In particular, we give the expressions for the fields
that make up electromagnetic fluxes and show how these lead to the solutions described in Section 3.
We will start with standard approach solving of the BPS equations and highlight how the holomorphic
functions naturally arise.
5.1 The first BPS layer
The construction of the superstrata starts by requiring one to solve the first layer of BPS equations: a
linear system of equations for three pairs of functions and two-forms, (Z1,Θ2), (Z2,Θ1) and (Z4,Θ4),
on the R4 base (with coordinates r, θ, ϕ1, ϕ2):
9
∗4DZ˙1 = DΘ2 , D ∗4 DZ1 = −Θ2 ∧ dβ , Θ2 = ∗4Θ2 ,
∗4DZ˙2 = DΘ1 , D ∗4 DZ2 = −Θ1 ∧ dβ , Θ1 = ∗4Θ1 , (5.1)
∗4DZ˙4 = DΘ4 , D ∗4 DZ4 = −Θ4 ∧ dβ , Θ4 = ∗4Θ4 .
where the dot denotes ∂∂v and D is defined by
D ≡ d4 − β ∧ ∂
∂v
. (5.2)
The operator d4 is simply the exterior derivative on R
4.
The ZI and ΘJ determine the tensor gauge fields of IIB supergravity. For details see [24,22,13,23,5].
As noted earlier, the metric warp factor, P, is determined by the solution of the first layer of the BPS
system and is given by (2.4).
5.1.1 The fundamental solutions
There are two classes of fundamental modes to the first layer of the BPS system. They were first
obtained by solution generating methods [29–32]. The “original” class is defined by:
z˜k,m,n = Ry
∆k,m,n
Σ
cos vk,m,n,
ϑ˜k,m,n = −
√
2 ∆k,m,n
[(
(m+ n) r sin θ + n
(m
k
− 1
) Σ
r sin θ
)
Ω(1) sin vk,m,n
+
(
m
(n
k
+ 1
)
Ω(2) +
(m
k
− 1
)
nΩ(3)
)
cos vk,m,n
]
,
(5.3)
where
Ω(1) ≡ dr ∧ dθ
(r2 + a2) cos θ
+
r sin θ
Σ
dϕ1 ∧ dϕ2 ,
Ω(2) ≡ r
r2 + a2
dr ∧ dϕ2 + tan θ dθ ∧ dϕ1 ,
Ω(3) ≡ dr ∧ dϕ1
r
− cot θ dθ ∧ dϕ2 .
(5.4)
9Those equations are linear because the connection one-form β is not affected by the superstratum modes and retains
the seed value (2.7).
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The “supercharged” class is defined by [16]:
ẑk,m,n = 0 , ϑ̂k,m,n =
√
2 ∆k,m,n
[
Σ
r sin θ
Ω(1) sin vk,m,n +
(
Ω(2) + Ω(3)
)
cos vk,m,n
]
. (5.5)
Both these sets functions and fields satisfy:
∗4 D z˙k,m,n = D ϑk,m,n, D ∗4 D zk,m,n = −ϑk,m,n ∧ dβ, ϑk,m,n = ∗4ϑk,m,n, (5.6)
and so general superpositions can be used to create solutions to (5.1).
The supercharged solutions are particularly simple and it is worth noting that the supercharged
two-forms, ϑ̂k,m,n, satisfy simpler equations:
D ϑ̂k,m,n = 0, ϑ̂k,m,n ∧ dβ = 0, ϑ̂k,m,n = ∗4ϑ̂k,m,n . (5.7)
5.1.2 The first layer of the superstratum
From the perspective of the holographic dictionary, and from solution generating techniques, the most
fundamental part of the solution is (Z4,Θ4). This is because the superstratum states at linear order
only involve excitations of (Z4,Θ4). The other fields (including the other ZI and ΘJ) are not excited
until second, or even higher orders in the perturbative momentum states. Indeed, solution generating
methods also indicate that the superstratum states should not involve excitations of (Z2,Θ1). Thus the
superstratum retains the almost-trivial “supertube” Ansatz for (Z2,Θ1):
Z2 =
Q5
Σ
, Θ1 = 0 . (5.8)
All the other fields can then, in principle, depend on the details of the superstratum fluctuations. The
limitation of solution generating methods is that they only produce results of global actions of the
“small” N = 4 superconformal algebra. However, the linearity of the BPS equations means that one
can take arbitrary, independent superpositions of such solutions and arrive at the holographic dual of
general coherent superspositions of states of the form (1.1).
From the perspective of supergravity, there appears to be complete democracy between all the pairs
(ZI ,ΘJ) and one can, in principle, use (5.3) and (5.5) to excite them all independently. However,
smoothness of the overall solution requires the imposition of “coiffuring constraints” [33, 26, 13, 25, 8]
between Fourier coefficients of the (ZI ,ΘJ). These constraints typically mean that if one chooses
excitations of two of the pairs (ZI ,ΘJ), then the third is fixed
10 [13].
It is, however, important to remember the guiding principle underlying the basic superstrata that
describe the holographic dual of the states (1.1): (Z4,Θ4) is fundamental, and (Z2,Θ1) should remain
trivial11.
Thus we start from (5.8) and take:
Z4 =
∑
k,m,n
bk,m,n z˜k,m,n , Θ4 =
∑
k,m,n
(
bk,m,n ϑ˜k,m,n + ck,m,n ϑ̂k,m,n
)
, (5.9)
10There can be some restrictions in that the constraints are quadratics with reality requirements.
11As indicated above, there are more general options in supergravity [13] but these are not the holographic duals of the
states (1.1).
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These fields lead one to introduce the two fundamental holomorphic functions:
G1(ξ, χ, η) ≡
∑
k,m,n
bk,m,n χ
k µm ξn , G2(ξ, χ, η) ≡
∑
k,m,n
ck,m,n χ
k µm ξn , (5.10)
then one has
Z4 =
Ry
2 Σ
(
G1 + G¯1
)
, Θ4 = Θ˜4 +
1√
2
[
iΣ
r sin θ
Ω(1)
(
G¯2 −G2
)
+
(
Ω(2) + Ω(3)
) (
G2 + G¯2
) ]
,
(5.11)
where Θ˜4 is linear in real and imaginary combinations of G1, its derivatives and primatives that will
be explicitly derived in Section 6. (That is, one needs to integrate or differentiate G1 so as to get the
factors of k,m and n that appear in ϑ˜k,m,n given in (5.3).) The important point is that Z4 and Θ4 have
elementary expressions that are linear in terms of G1 and G2.
We are still left with the apparent freedom of choosing another set of Fourier series, or two more
holomorphic functions, H1 and H2
Z1 =
Q1
Σ
+
Ry
2Q5
∑
k,m,n
b′k,m,n z˜k,m,n =
Q1
Σ
+
R2y
4Q5 Σ
(
H1 + H¯1
)
,
Θ2 =
Ry
2Q5
∑
k,m,n
(
b′k,m,n ϑ˜k,m,n + c
′
k,m,n ϑ̂k,m,n
)
= Θ˜2 +
Ry
2
√
2Q5
[
iΣ
r sin θ
Ω(1)
(
H¯2 −H2
)
+
(
Ω(2) + Ω(3)
) (
H2 + H¯2
) ]
,
(5.12)
where, for later convenience, we have included a factor of
Ry
2Q5
. Again Θ˜2 is the appropriate linear
combination of real and imaginary parts of H1, its derivatives and primatives.
A priori, all the Fourier coefficients, b, c, b′ and c′ are independent. However, smoothness requires
that (Z1,Θ2) are completely determined by the coiffuring constraints [33,26,13,25,8]:
b′k,m,n =
∑
k1+k2=k
m1+m2=m
n1+n2=n
bk1,m1,n1 bk2,m2,n2 , (5.13)
c′k,m,n =
∑
k1+k2=k
m1+m2=m
n1+n2=n
(
2 bk1,m1,n1 ck2,m2,n2 −
(k1n2 − k2n1)(k1m2 − k2m1)
k1k2(k1 + k2)
bk1,m1,n1 bk2,m2,n2
)
,
(5.14)
While these constraints originally appeared somewhat mysterious, they are simple when written in
terms of the holomorphic functions. In particular,
H1 = G
2
1 , H2 = 2G1G2 + Q(G1) , (5.15)
where Q(G1) is a quadratic operator on G1, its derivatives and primatives, arranged so as to create the
second, more complicated term in (5.14).
Observe that, as an immediate consequence of (5.9), (5.12) and (5.15) that we have
P = Z1 Z2 − Z24 =
1
Σ2
(
Q1Q5 − 12 R2y |G1|2
)
, (5.16)
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Coiffuring actually means the cancellation of the purely holomorphic and purely anti-holomorphic parts
and it sets the pattern for the second BPS layer.
To summarize, the solution to the first layer of BPS equations is defined by: (5.8), (5.9), (5.12),
(5.10) and (5.14) and it should be viewed as a momentum wave excitation, defined through G1 and G2,
on the “harmonic” Ansatz for the supertube:
Z1 =
Q1
Σ
, Z2 =
Q5
Σ
, Z4 = 0 , ΘI = 0 . (5.17)
5.2 The second BPS layer
The first BPS layer determines the three-form fluxes in the six-dimensional solution and some of the
warp factors in the metric. The remaining components of the solution is determined through the second
layer of BPS equations. These are linear equations for ω and F :
Dω + ∗4Dω + F dβ = Z1Θ1 + Z2Θ2 − 2Z4Θ4 , (5.18)
∗4D ∗4
(
ω˙ − 12 DF
)
= ∂2v(Z1Z2 − Z24 )− (Z˙1Z˙2 − (Z˙4)2)− 12 ∗4
(
Θ1 ∧Θ2 −Θ4 ∧Θ4
)
.
The sources on the right-hand sides of these equations are determined entirely by the solution to the first
layer of BPS equations (5.1). One should note that the signs of the last equation depend upon duality
conventions in R4, and these equations are written with the somewhat unusual duality conventions
of [20,22].
The basic observation that started the coiffuring of solutions was that, when Fourier modes combine
in the sources to (5.18), the Fourier modes that add to make higher wave numbers generally produced
singular solutions, whereas the combinations in which the wave numbers subtract from one another
generally resulted in smooth solutions. The imperative thus became to cancel (coiffure away) all the
“high-frequency sources in the second BPS layer.” In [8] it was finally shown that this could be achieved
for the fully-general multi-mode solution, and the constraints (5.13) and (5.14) were derived. In the
holomorphic formulation of the solutions, this cancellation simply means that the purely holomorphic
and purely anti-holomorphic functions cancel on the right-hand sides of (5.18).
Coiffuring therefore means that the sources in (5.18), while quadratic in G1, G2, G1 and G2 (and
their derivatives and primitives), are actually sesquilinear, that is, they are linear in G1, G2 and in
G1, G2 (and all their derivatives and primitives). This can be used to simplify the BPS equations,
(5.18), but we will defer this discussion to the next section.
To find the physically correct, smooth solutions we will also need some of the homogeneous solutions
to (5.18). As we will see in practice, the holomorphic structure makes the finding of such solutions
remarkable simple.
6 BPS equations in holomorphic form
The advantages of expressing the superstrata solutions in terms of holomorphic variables is already
fairly evident. It also gives a much simpler description of the “coiffuring” of Fourier modes: the sources
of the last layer of BPS equations are sesquilinear in the solutions of the earlier layers. As one might
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expect, recasting all the BPS equations in terms of the complex variables significantly simplifies their
form and greatly streamlines their solution. In this section, we transform the BPS system to complex
variables. This is a necessarily technical exercise but we include it because it provides the superstratum
aficionado with a more accessible system of equations.
There are two non-trivial parts to solving the second layer of BPS equations. First, one must find the
particular solutions, and these are more easily extracted from holomorphic power series expansions. The
second step is to find homogeneous solutions that remove singularities and give the correct asymptotics
in the particular solutions. These homogeneous solutions are also more easily constructed because they
typically involve arbitrary holomorphic functions of one variable. In some instances, we find that we
can generate the required homogeneous solutions by simply replacement rules (see, for example, (3.48)
and (B.5)).
6.1 The holomorphic formalism
To start with, it is useful to collect various expressions that facilitate a full translation of the BPS fields
into holomorphic coordinates (2.12). It is, however, more convenient to introduce:
µ ≡ η
χ
= cot θ e
i
(√
2v
Ry
−ϕ1−ϕ2
)
. (6.1)
The goal is to use this and (2.12) to transform the coordinates according to:
(u, v, r, θ, ϕ1, ϕ2)→ (u, ξ, ξ¯, χ, χ¯, µ, µ¯) , (6.2)
where one must keep in mind the S5 constraint (2.16). The combinations of the self dual forms (5.4)
that turn up in the ΘI are:
Ωy =
1√
2
(
−Ω(2) + ir sin θΩ(1)
)
, Ωz =
1√
2
(
Ω(3) + i
(
r sin θ − Σ
r sin θ
)
Ω(1)
)
. (6.3)
which can be written in complex coordinates as:
Ωy =
1√
2
(
−Ω(2) + i
(
a |ξ| |χ|
1− |ξ|2
)
Ω(1)
)
, Ωz =
1√
2
(
Ω(3) − i
(
a |η|2
(1− |ξ|2) |ξ| |χ|
)
Ω(1)
)
. (6.4)
The differentials can be related as:
dθ = − |χ|
2 |µ|
2(1− |ξ|2)
(
dµ
µ
+
dµ¯
µ¯
)
,
dϕ1 =
i
2
(
dχ¯
χ¯
− dχ
χ
)
,
dϕ2 =
i
2
(
dµ
µ
− dµ¯
µ¯
− dξ
ξ
+
dξ¯
ξ¯
+
dχ
χ
− dχ¯
χ¯
)
,
dv = i
Ry
2
√
2
(
dξ¯
ξ¯
− dξ
ξ
)
,
dr =
a |ξ|
2(1− |ξ|2)3/2
(
dξ
ξ
+
dξ¯
ξ¯
)
.
(6.5)
The one form ω appearing in (2.1) and fixed by the second layer BPS equations (5.18) can then be
expanded as
ω = ωξ
(
dξ
ξ
+
dξ¯
ξ¯
)
− ωµ
(
dµ
µ
+
dµ¯
µ¯
)
+ iωχ
(
dχ¯
χ¯
− dχ
χ
)
+ 2ωδ dϕ2 , (6.6)
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where the functions (ωξ, ωµ, ωχ, ωδ) are necessarily real. The relationship between the components here
and the ansatz used in (3.34) can be easily worked out from
ω =
2a2
r(a2 + r2)
ωξ dr +
4
sin 2θ
ωµ dθ + 2ωχ dϕ1 + 2ωδ dϕ2 . (6.7)
It will be extremely useful to introduce a (dependent) set of first order operators:
LF = −i2
√
2
Ry
(ξ∂ξ + µ∂µ) ,
Lξ = 1
2
[(
|ξ|2
1− |ξ|2
)
χ∂χ − ξ∂ξ
]
,
Lχ = i
2
[(
1
1− |χ|2
)
µ∂µ − χ∂χ +
(
|χ|2
1− |χ|2
)
ξ∂ξ
]
,
Lµ = 1
2
[
µ∂µ −
(
|µ|2 |χ|2
1− |ξ|2
)
χ∂χ
]
,
Lδ = i
2(1− |χ|2)
[
|ξ|2 µ∂µ − |µ|2 |χ|2 ξ∂ξ
]
.
These operators are considered independent of the constraint (2.16), that is, the result is the same
whether the constraint is used to shuffle the complex variables before or after applying the operator.
For example:
Lξξ = Lξ
(
1− |χ|2 − |µ|2 |χ|2
ξ¯
)
= −ξ
2
.
However, to be consistent, one has to express everything in the coordinates (χ, χ¯, µ, µ¯, ξ, ξ¯) without
using (η, η¯).
These complex Li operators can be combined with their complex conjugate L¯i to produce the real
combinations:
L˜i = Li + L¯i .
These operators arise naturally from the gauge transformation (2.19), which now read:
u→ u+ U , F → F + L˜FU ,
ωξ → ωξ + L˜ξU , ωχ → ωχ + L˜χU ,
ωµ → ωµ + L˜µU , ωδ → ωδ + L˜δU .
It may also be of interest to convert the expressions of this section into coordinates that make the S5
of (2.16) manifest. This is most easily done by rewriting the L operators in spherical coordinates (see
appendix C).
6.2 First layer of the superstratum
Using the expressions of this section we can rewrite some of the first layer fields. To begin with the
basic (ϑ˜k,m,n, ϑ̂k,m,n) become
ϑ˜k,m,n =
[
m
(
1 +
n
k
)
Ωy + n
(
1− m
k
)
Ωz
]
χkµmξn + c.c. ,
ϑ̂k,m,n = (Ωz − Ωy)χkµmξn + c.c. .
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Upon introducing the integrated pre-potential:
G
(1)
1 =
∑
k,m,n
bk,m,n
k
χkµmξn ,
as well as the combinations
A =
[
(χ∂χ + ξ∂ξ)µ∂µG
(1)
1 −G2
]
and B =
[
(χ∂χ − µ∂µ) ξ∂ξG(1)1 +G2
]
, (6.8)
the first layer fields discussed in Section 5.1 then read:
Z1 =
Q1
Σ
+
R2y
4Q5Σ
(
G21 + G¯
2
1
)
,
Z2 =
Q5
Σ
,
Z4 =
Ry
2Σ
(
G1 + G¯1
)
,
Θ1 = 0 ,
Θ2 =
Ry
Q5
G1 (AΩy +B Ωz) + c.c. ,
Θ4 = AΩy +B Ωz + c.c. .
(6.9)
6.3 Second layer of the superstratum
The second layer fields, F and ω, do not have closed-form solutions according to the two generic
arbitrary functions G1 and G2. In this section, we rewrite the second layer of BPS equations (5.18) in
the holomorphic formalism; those equations were used to construct the families of explicit solutions in
Section 3. They can be decomposed as Oi = Si, where Si are the source terms on the right-hand side
of (5.18), induced by the first layer fields, and Oi are the differential operators acting on F and ω on
the left-hand side of (5.18).
6.3.1 The sources
The sources of the second layer BPS equations (5.18) read:
S1 = Z1Θ1 + Z2Θ2 − 2Z4Θ4 , (6.10)
S2 = P¨ −
(
Z˙1Z˙2 − Z˙24
)
− 1
2
∗4 (Θ1 ∧Θ2 −Θ4 ∧Θ4) , (6.11)
where a dot represents a ∂v derivative. Using the first layer fields of the previous section these sources
become:
S1 = −Ry
Σ
G¯1 [AΩy +BΩz] + c.c. ,
S2 = 1
2Σ2
{
2G¯1 (ξ∂ξ + µ∂µ)
2G1 − |ξ∂ξG1 + µ∂µG1|2 − [(ξ∂ξ + µ∂µ)G1]2
+ (A+B)2 + |A−B|2 + 2
(
|A|2 |ξ|
2
|µ|2 + |B|
2 |µ|2
|ξ|2
)}
+ c.c. .
It will be useful in Section 6.3.2, to have the first source expanded in the (Ω(1),Ω(2),Ω(3)) basis; defining
S1 = S(1)1 Ω(1) + S(2)1 Ω(2) + S(3)1 Ω(3) , (6.12)
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we have
S(1)1 = −
i Ry |χ|√
2 a |ξ| (1− |χ|2)
(
|µ|2 (G1B¯ − G¯1B)− |ξ|2 (G1A¯− G¯1A)) ,
S(2)1 =
Ry (1− |ξ|2)√
2 a2(1− |χ|2)
(
G¯1A + G1A¯
)
,
S(3)1 = −
Ry (1− |ξ|2)√
2 a2(1− |χ|2)
(
G¯1B + G1B¯
)
.
For certain families of multi-mode solutions these sources become relatively simple. For example,
the sources for the (1, 0, n) family reduce to
S(1,0,n)1 = −
Ry |χ|2
Σ
F ξ∂ξF Ωz + c.c. ,
S(1,0,n)2 =
|χ|2
Σ2
(
|µ|2 ∂ξF ∂ξF + F (ξ∂ξ)2F
)
+ c.c. .
where F = F (ξ), as defined in Section 3.1.
6.3.2 The operators
The second layer BPS operators in (5.18) read:
O1 = Dω + ∗4Dω + F dβ ,
O2 = ∗4D ∗4
(
ω˙ − 12 DF
)
.
The first of these operators is explicitly self dual, so we can decompose it into (Ω(1),Ω(2),Ω(3)) compo-
nents as
O1 = O(1)1 Ω(1) +O(2)1 Ω(2) +O(3)1 Ω(3) . (6.13)
These operators when written in terms of the L operators of Section 6.1 become:
O(1)1 =
4a
|ξ| |χ|
[
(1− |ξ|2)
(
L˜µωξ − L˜ξωµ
)
+ (1− |χ|2)
(
L˜δωχ − L˜χω2
)]
, (6.14)
O(2)1 =
4
|χ|2
(
1− |ξ|2
|ξ|2
)[
|χ|2
(
L˜δωξ − L˜ξω2
)
+ |ξ|2
(
L˜χωµ − L˜µωχ
)]
+
√
2Ry |χ|2 |µ|2F
(1− |χ|2)2 , (6.15)
O(3)1 =
4(1− |ξ|2)
|µ|2 |χ|2
[
|µ|2 |χ|2
(
L˜χωξ − L˜ξωχ
)
+
(
L˜µω2 − L˜δωµ
)]
−
√
2Ry |χ|2 |ξ|2F
(1− |χ|2)2 , (6.16)
and
O2 = 2
a2
L˜F
(1− |ξ|2)3
1− |χ|2
(
L˜ξωξ
|ξ|2 +
L˜µωµ
|χ|4 |µ|2
)
+
(
1− |ξ|2
|χ|
)2(
L˜χωχ + L˜δω2|ξ|2 |µ|2
) (6.17)
− 8(1− |ξ|
2)3
a2(1− |χ|2)
(
1
|ξ|2LξL¯ξ +
1
|µ|2 |χ|4 L¯µLµ
)
F .
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In this form it is straightforward to demonstrate gauge invariance, one just needs to use commutators
of the L operators. Using the insight from rewriting the L operators in spherical coordinates (Appendix
C), it is clear that once a Fourier decomposition is made in the periodic directions of the S5, the technical
difficulties in solving for general multi-mode superstrata arises due to the (Lξ,Lµ) operators, since the
other operators become algebraic in the Fourier modes.
7 Conclusions
There are many aspects of the microstate geometry programme, but one of the most important is
that microstate geometries provide a gravitational mechanism that is able to support horizon-scale
structure. Indeed, there is good evidence [1, 34] that microstate geometries embody the only such
mechanism. This means that any discussion of horizon-scale microstructure in which there is a semi-
classical gravitational limit must involve a microstate geometry. There is therefore a very broad interest
in finding and exhibiting families of microstate geometries. This perspective has played a major role in
the way that we organized this paper: we have catalogued a broad range of new families so that the
results are accessible without needing to struggle through the details of their construction.
One of the major themes of this paper is the holomorphic structure. As we described in the intro-
duction, the complete class of superstrata will be governed by two unconstrained holomorphic functions
of three variables. Realizing the most general solution is far beyond our current computational powers,
but what we have succeeded in doing is to create superstrata that are governed by various unconstrained
holomorphic functions of one variable. This is done by restricting the functions of three variables by
fixing particular powers in two of the variables while not constraining the dependence on the third
variable. The result is by far the largest and most extensive families of superstrata that have been con-
structed to date. Indeed, much of the study of superstrata has focussed on the “single mode” examples
that have very few (or no) free parameters. Now we have explicit solutions based on arbitrary functions.
One of the obvious new things one can do with such an extensive set of degrees of freedom is to
localize the momentum-carrying excitations at infinity and examine how they spread and diffuse into
the core of the solution, or in the infra-red limit. We have investigated this in Section 4 and in future
work, we hope to use this to examine “almost BPS” superstrata.
One of the very satisfying aspects of our analysis is that, for the simplest families, we could show
that smoothness and the absence of CTC’s actually placed no restrictions on the holomorphic functions.
This is a far-from-trivial result. Indeed, smoothness and the absence of CTC’s places stringent bounds
on combinations of metric coefficients in the supergravity solution, and we naively expected that we
would have to place some conditions on the “Fourier coefficients” appearing in the power series of our
holomorphic functions. On the contrary, for the (1, 0, n) and (1, 1, n) families we were able to use the
special properties afforded by holomorphy to show that all the crucial bounds were satisfied without
any constraints on the holomorphic function. This is significant because the holographic dictionary
strongly suggests that there should be no constraints on the linear combinations of the corresponding
coherent states, apart from requiring the state to have finite norm. (In supergravity, the finiteness of
the norm amounts to the convergence of the power series for the holomorphic functions.) Based on this
observation, we therefore expect that there will be no restriction on the holomorphic functions that
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underlie the most general superstrata.
The holomorphic structure also gives a natural mathematical interpretation to coiffuring the Fourier
coefficients: The second layer of BPS equations, which determines the metric structure, must be
sesquilinear in the underlying holomorphic function. Indeed, our analysis has revealed what we suspect
is a much deeper, and, as yet, not understood aspect of the holomorphic structure and the characteri-
zation of the entire solution in terms of a “fundamental holomorphic pre-potential12.”
One of the important technical aspects of solving the BPS equations has always been the careful
choice of homogeneous solutions so as to cancel singularities and obtain smooth geometries. In this
paper we have empirically discovered a way to generate the requisite homogeneous solutions by making
transformations like:
|F (χ)|2 → |F (χ)|2 − c(χ) − c(χ¯) , (7.1)
where F is the fundamental holomorphic pre-potential of the system. See for example, (3.48), (B.5)
and (B.21). The important point is that the function, c, in transformation (7.1) produces homogeneous
solutions of the second layer of the system of BPS equations and that these solutions are not just
the obvious gauge transformations (2.19). Moreover, these solutions are precisely the ones needed for
smoothing out singularities in the solution.
Thus, when expressed in terms of this “holomorphic pre-potential,” the solutions of the second layer
of the BPS system have an invariance of the form (7.1). This is very reminiscent of the role, and
behaviour, of Ka¨hler potentials and suggests that there should be a way to understand the entire BPS
system in terms of such pre-potentials.
Some important first steps along these lines were made in [35], in which it was shown that, in
five dimensions, the first layers of the BPS system could be recast in terms of harmonic pre-potentials
and solved by differentiating these pre-potentials with respect to moduli. However, the geometric
interpretation of the last layer of the BPS system remained elusive. In this paper we are revealing yet
more evidence that the entire BPS system, in six-dimensions, must have a much more fundamental
formulation in terms of holomorphic pre-potentials.
Finally, we note that our work contains results that can be tested against the holographic dual
CFT. The most basic coiffuring constraints (5.13) were first inspired by the CFT and the effect of
global R-symmetry rotations. Conversely, the newer and more complicated relation, (5.14), first found
in [8], and particularly the relation between c′k,m,n and bk1,m1,n1bk2,m2,n2 , came from supergravity and
have yet to be tested and compared with the results from correlators in the CFT. Moreover, in Section
3.4 we found that momentum waves necessarily induce changes in the fundamental charge densities of
the basic 14 -BPS D1-D5 system. This seems to reflect the development of vevs in the dual CFT, as has
been described in [28].
More broadly, the quantum mechanics and coherent states of the CFT have obvious complex struc-
tures, it would be very interesting to see whether the complex structure and pre-potentials we are
discovering in the supergravity have direct analogues within the CFT.
12We have not carefully defined this notion but, loosely, we mean that all other holomorphic functions are obtained as
derivatives of F . See, for example, (3.45), (B.1), (B.16) and (B.19).
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Appendices
A Compendium of solutions
In this appendix, we give a brief but complete overview of the new solutions we constructed in this
paper. The six-dimensional metric, using coordinates u, v, r, θ, ϕ1, ϕ2, is given by:
ds26 = −
2√P (dv + β)
[
du+ ω +
F
2
(dv + β)
]
+
√
P ds24 , (A.1)
where:
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θ dϕ21 + r
2 cos2 θ dϕ22 , Σ ≡ (r2 + a2 cos2 θ) ,
β ≡ Ry a
2
√
2 Σ
(sin2 θ dϕ1 − cos2 θ dϕ2) , P = Z1 Z2 − Z24 . (A.2)
The six-dimensional solution is completely determined by specifying three scalar functions Z1, Z2, Z4,
three two-forms Θ1,Θ2,Θ4 (which appear in the 6D three-forms), as well as the metric one-form ω and
the metric scalar function F . (See also Section 2.1.) We will also need the one-form:
ω0 ≡ a
2Ry√
2 Σ
(sin2 θdϕ1 + cos
2 θ dϕ2) . (A.3)
We use the complex coordinates defined by:
ξ ≡ r√
r2 + a2
e
i
√
2v
Ry , χ ≡ a√
r2 + a2
sin θ eiϕ1 , η ≡ a√
r2 + a2
cos θ e
i
(√
2v
Ry
−ϕ2
)
, (A.4)
which satisfy:
|ξ|2 + |χ|2 + |η|2 = 1 , (A.5)
Our solutions will depend on two holomorphic functions of these three variables, of which G1(ξ, χ, η) car-
ries the q = 0 superstrata mode information and G2(ξ, χ, η) carries the q = 1 (supercharged) superstrata
modes (1.1).
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A.1 Solutions with functions of ξ
For the three families in this section, the scalar functions Z1, Z2, Z4 and the two-forms Θ1,Θ2,Θ4 are
completely determined through (6.9) with G2 ≡ 0 and G1 given in terms of a holomorphic function F (ξ)
as detailed below. For each of the families, we will give the expressions below for P (which is actually
determined by the ZI), for the scalar function F , and for the one-form ω. (See also Section 2.1 for a
brief discussion of how these quantities fully determine the full 6D solution.)
A.1.1 The (1, 0, n) superstrata
For these, we have G2 ≡ 0 (no supercharged modes) and G1(ξ, χ, η) = χF (ξ), where F is an arbitrary
holomorphic function of ξ on the complex unit disc satisfying F (0) = 0:
F (ξ) =
∞∑
n=1
bnξ
n. (A.6)
We introduce F∞(v), the asymptotic limit of F :
F∞(v) ≡ lim|ξ|→1 F (ξ) = limr→∞ F (ξ) = F (e
i
√
2 v
Ry ) . (A.7)
Note that the metric warp factor simplifies to:
P = Q1Q5
Σ2
− a
2R2y
2 (r2 + a2) Σ2
|F |2 sin2 θ . (A.8)
The solution is further completely determined by:
F = 1
a2
(|F |2 − |F∞|2), (A.9)
ω =
(
1− 1
2a2
(|F∞|2 − c)
)
ω0 +
Ry√
2Σ
(|F∞|2 − |F |2) sin2 θdϕ1. (A.10)
The function F and constant c must satisfy the constraint:
c = 2
(
Q1Q5
R2y
− a2
)
=
1√
2piRy
∫ √2piRy
0
dv′|F∞|2 =
∞∑
n=1
b2n. (A.11)
These solutions are completely regular for any choice of F (see Section 3.1.2); in particular it can be
shown that P > 0 and that there are no CTC’s (see Section 3.1.3). The angular momenta of the solution
are:
JL = JR =
Ry
2
a2, (A.12)
and the momentum charge QP is:
QP =
1
4
√
2piRy
∫ √2piRy
0
dv(ξ∞F ′∞F¯∞ + ξ¯∞F∞F¯
′
∞) =
1
2
∞∑
n=1
nb2n. (A.13)
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A.1.2 The (1, 1, n) superstrata
For these solutions, we have G2 ≡ 0 and now G1(ξ, χ, η) = ηF (ξ), where F is again an arbitrary
holomorphic function of ξ on the complex unit disc satisfying F (0) = 0:
F (ξ) =
∞∑
n=1
bnξ
n. (A.14)
Here, the metric warp factor simplifies to:
P = Q1Q5
Σ2
− a
2R2y
2 (r2 + a2) Σ2
|F |2 cos2 θ . (A.15)
The solution is further completely determined by:
F = 1
a2
(|ξ|2|F |2 − |F∞|2) , (A.16)
ω =
(
1− 1
2a2
(|F∞|2 − c)
)
ω0 +
Ry√
2Σ
(|F∞|2 sin2 θ dϕ1 + |ξ|2|F |2 cos2 θ dϕ2) , (A.17)
where F∞(v) is the asymptotic limit of F (A.7). The function F and constant c must also satisfy (A.11),
just as for (1, 0, n) superstrata. Similarly to the (1, 0, n) superstrata, these solutions are completely
regular for any choice of F and have no CTC’s (see Section 3.2). The angular momenta of the solution
are:
JL =
Ry
2
a2 , JR =
Ry
2
(
a2 + c
)
. (A.18)
and the momentum charge is:
QP =
1
2
∞∑
n=1
(n+ 1)b2n . (A.19)
A.1.3 The (2, 1, n) superstrata (without supercharged modes)
We again set G2 ≡ 0 (see Section B.1 for the generalization to (2, 1, n) solutions including supercharged
modes), and we have G1(ξ, χ, η) = χη F (ξ), where F is an arbitrary holomorphic function of ξ on the
complex unit disc satisfying F (0) = 0:
F (ξ) =
∞∑
n=1
bnξ
n. (A.20)
The metric warp factor simplifies to:
P = Q1Q5
Σ2
− a
4R2y
2 (r2 + a2)2 Σ2
|F |2 sin2 θ cos2 θ . (A.21)
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The rest of the solution is given by:
F = 1
4 a2
(1− |ξ|2)(1− |χ|2) |F |2 + 1
a2
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)]
,
ω =
(
1 +
c(0)
2 a2
)
ω0 +
i Ry
2
√
2 r (r2 + a2)
(
c(1) − c¯(1)
)
dr
− Ry
2
√
2Σ
(
|η|2 |F |2 +
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)])
sin2 θ dϕ1
+
Ry
2
√
2Σ
(
|ξ|2|χ|2 |F |2 +
[
K(ξ, ξ¯) −
(
c(1) + c¯(1)
)])
cos2 θ dϕ2 ,
(A.22)
where we have defined the functions:
K(ξ, ξ¯) =
∫ |ξ|
0
x
∣∣∣∣F(x ei√2Ry v)∣∣∣∣2 dx, (A.23)
c(1)(ξ) =
1
4
∞∑
n=1
b2n
n+ 1
+
∞∑
`=1
( ∞∑
n=1
bnbn+`
2(n+ 1) + l
)
ξl, (A.24)
and the constant c(0) satisfies:
c(0) = 2
(
Q1Q5
R2y
− a2
)
=
1√
2piRy
∫ √2piRy
0
K∞(v) dv =
1
2
∞∑
n=1
b2n
n+ 1
. (A.25)
These solutions are completely regular for any choice of F (see Section 3.3.1); we also do not expect the
existence of CTC’s for any F . The angular momenta of the solution are:
JL =
Ry
2
a2, JR =
Ry
2
(
a2 +
1
2
c(0)
)
=
Ry
2
(
a2 +
1
4
∞∑
n=1
b2n
n+ 1
)
, (A.26)
and the momentum charge QP is:
QP =
1
8
∞∑
n=1
b2n. (A.27)
A.2 Solutions with functions of χ
A.2.1 The (k, 0, 1) superstrata
For superposition of (k, 0, 1) superstrata, we have G2 ≡ 0 and we set G1(ξ, χ, η) = ξχ ∂χF (χ), where F
is an arbitrary holomorphic function of χ on the complex unit disc satisfying F (0) = 0:
F (χ) =
∞∑
k=1
bkχ
k. (A.28)
45
The electric gauge fields ZI and the magnetic two-form fluxes ΘI are altered from (6.9) by the intro-
duction of a new holomorphic function λ(χ) to
Z1 =
Q1
Σ
+
R2y
4Q5 Σ
(
(ξχ ∂χF )
2 + (ξ¯χ¯ ∂χ¯F¯ )
2 + 2
(
λ+ λ¯
))
, Θ1 = 0 ,
Z2 =
Q5
Σ
, Θ2 =
Ry
Q5
(
(ξχ ∂χF )
2 Ωz + (ξ¯χ¯ ∂χ¯F¯ )
2 Ω¯z
)
,
Z4 =
Ry
2 Σ
(
ξχ ∂χF + ξ¯χ¯ ∂χ¯F¯
)
, Θ4 = ξχ ∂χF Ωz + ξ¯χ¯ ∂χ¯F¯ Ω¯z ,
(A.29)
where λ(χ) is given by
λ(χ) =
∞∑
k,`=1
k bk bk+` χ
` , (A.30)
and Ωz is one of the two complex self-dual two-forms of R4 (6.3).
As for the six-dimensional metric (2.1), the metric warp factor is:
P = Q1Q5
Σ2
+
R2y
2 Σ2
(
λ+ λ¯− |ξ|2|χ|2 |∂χF |2
)
=
Q1Q5
Σ2
+
R2y
2 Σ2
(
λ+ λ¯− a
2r2
(a2 + r2)2
|∂χF |2 sin2 θ
)
,
(A.31)
and the other metric terms are given by:
F = |F |
2 − c− c¯
Σ
,
ω =
(
1 +
|ξ|2
2 a2
(χ∂χ + χ¯∂χ¯)
( |F |2 − c− c¯
1− |χ|2
))
ω0 − Ry√
2 Σ
1− |ξ|2
1− |χ|2
(|F |2 − c− c¯) sin2 θ dϕ1
+
i Ry
2
√
2
|ξ|2
rΣ
[
χ∂χ
(|F |2 − c) − χ¯ ∂χ¯ (|F |2 − c¯)] dr .
(A.32)
We have introduced the holomorphic function c(χ), defined by:
c(χ) =
1
2
∞∑
k=1
b2k +
∞∑
k,`=1
bk bk+` χ
` . (A.33)
Finally, there is a constraint to satisfy:
1
2pii
∮
|χ|=1
F¯ ∂χF dχ =
∞∑
k=1
k b2k = 2
(
Q1Q5
R2y
− a2
)
. (A.34)
These solutions are completely regular for any choice of F (see Section 3.4.1); we also do not expect the
existence of CTC’s for any F . The angular momenta of the solution are:
JL = JR =
Ry
2
a2, (A.35)
and the momentum charge QP is:
QP =
1
2
∞∑
k=1
b2k =
1
4pii
∮
|χ|=1
|F |2
χ
dχ. (A.36)
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A.3 Solutions with functions of η
A.3.1 The (k, k, 0) superstrata
For superposition of (k, k, 0) superstrata, we have G2 ≡ 0 and we set G1(ξ, χ, η) = F (η), where F is an
arbitrary holomorphic function of η on the complex unit disc satisfying F (0) = 0:
F (χ) =
∞∑
k=1
bkη
k. (A.37)
The electric gauge fields ZI and the magnetic two-form fluxes ΘI are also altered from (6.9) by the
introduction of a new holomorphic function λ(χ) to
Z1 =
Q1
Σ
+
R2y
4Q5 Σ
(
F 2 + F¯ 2 + 2
(
λ + λ¯
) )
, Θ(1) = 0 ,
Z2 =
Q5
Σ
, Θ(2) =
Ry
Q5
[
η (F ∂ηF + ∂ηλ) Ωy + η¯
(
F¯ ∂η¯F¯ + ∂η¯λ¯
)
Ω¯y
]
,
Z4 =
Ry
2Σ
(
F + F¯
)
, Θ(4) = η ∂ηF Ωy + η¯ ∂η¯F¯ Ω¯y ,
(A.38)
where λ(χ) is given by
λ(χ) =
∞∑
k,`=1
bk bk+` η
` , (A.39)
and Ωy is one of the two complex self-dual two-forms of R4 (6.3).
As for the six-dimensional metric (2.1), the metric warp factor is:
P = Q1Q5
Σ2
+
R2y
2 Σ2
(
λ+ λ¯− |F |2) , (A.40)
and the other metric terms are given by:
F = |F |
2 − c− λ− λ¯
Λ
,
ω = ω0 +
Ry√
2 ΛΣ
(
c+ λ+ λ¯− |F |2) [(a2 + r2) sin2 θ dϕ1 + r2 cos2 θ dϕ2] . (A.41)
We have introduced the constant c, defined by:
c =
∞∑
k=1
bk
2 =
1
2pii
∮
|η|=1
|F (η)|2
η
dη . (A.42)
Finally, there is a constraint to satisfy:
1
2pii
∮
|η|=1
|F (η)|2
η
dη =
∞∑
k=1
b2k = 2
(
Q1Q5
R2y
− a2
)
. (A.43)
These solutions are completely regular for any choice of F (see Section 3.5.1); we also do not expect the
existence of CTC’s for any F . The angular momenta of the solution are:
JL =
Ry
2
a2 , JR =
Ry
2
(
a2 +
1
2
∞∑
k=1
b2k
)
=
Ry
2
(
a2 +
1
4pii
∮
|η|=1
|F (η)|2
η
dη
)
, (A.44)
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and the momentum charge QP is:
QP =
1
2
∞∑
k=1
b2k =
1
4pii
∮
|η|=1
|F (η)|2
η
dη. (A.45)
A.4 Other solutions
We discuss the superposition of (2, 1, n) superstrata with supercharged modes turned on (i.e. the
solution depends on two arbitrary holomorphic functions of ξ) in appendix B.1, and the superposition
of (k, 0, n) superstrata with n fixed (depending on an arbitrary holomorphic function of χ) in appendix
B.2.
B More examples
B.1 The (2, 1, n) superstrata with supercharged modes
In Section 3.3, we have constructed solutions using the original (2, 1, n) superstratum modes [3]. How-
ever, for k = 2, m = 1, there are supercharged modes in the CFT [16]. In this section, we will extend the
family of solutions and then deal with the “hybrid” (2, 1, n) mode that incorporates both the original
and the supercharged (2, 1, n) modes [8]. The underlying holomorphic functions, G1 and G2, are then
given by the most general superposition of the (2, 1, n) modes determined by arbitrary functions F and
S fluctuating with the complex variable ξ:
G1(ξ, χ, η) = χη F (ξ) =
a2 F (ξ)
a2 + r2
sin θ cos θ e
i
(√
2v
Ry
+ϕ1−ϕ2
)
, F (ξ) =
∞∑
n=1
bn ξ
n ,
G2(ξ, χ, η) = χη ξ ∂
3
ξ
(
ξ2 S(ξ)
)
=
a2 ξ ∂3ξ
(
ξ2 S(ξ)
)
a2 + r2
sin θ cos θ e
i
(√
2v
Ry
+ϕ1−ϕ2
)
, S(ξ) =
∞∑
n=1
cn ξ
n ,
(B.1)
where bn and cn are real Fourier coefficients. Defining G2 in this functional form of S(ξ) drastically
simplifies the final form of the solutions. The metric warp factor is given by:
√
P = 1
Σ
√
Q1Q5 −
a4R2y
2 (r2 + a2)2
|F |2 sin2 θ cos2 θ , (B.2)
We decompose ω as in (3.34). The quantities F and ω are determined by the BPS equations sourced
by G1 and G2:
48
2a2F = 1
2
(1− |ξ|2)(1− |χ|2) |F |2 + 2K(ξ, ξ¯) + ∂2ξ∂2ξ¯
(
|ξ|4 |S|2
)
− |ξ|6 ∂2ξ∂2ξ¯
(
|ξ|2 |S|2
)
+
(
1− |ξ|2 − 2|χ|2) (1− |ξ|2) [(1− |ξ|2) ∂2ξ∂2ξ¯ ( |ξ|41− |ξ|2 |S|2
)
− 4 ∂ξ∂ξ¯
( |ξ|4
(1− |ξ|2)2 |S|
2
)]
+
(
1− |ξ|2) (1− |ξ|2 − |χ|2 − |χ|2|ξ|2)
|ξ|4
[
ξ2 ∂2ξ
( |ξ|4
1− |ξ|2 F¯S
)
+ ξ¯2 ∂2ξ¯
( |ξ|4
1− |ξ|2 FS¯
)]
,
$r = − 3 iRy√
2 a3
√
|ξ|6
1− |ξ|2
[
ξ ∂ξ |S|2 − ξ¯ ∂ξ¯ |S|2 −
(
1− |ξ|2)4
6 |ξ|4 ∂ξ∂ξ¯
( |ξ|4
(1− |ξ|2)2
(
ξ ∂ξ |S|2 − ξ¯ ∂ξ¯ |S|2
))]
,
$θ =
i Ry |χ|
(
1− |ξ|2)2 √1− |ξ|2 − |χ|2
2
√
2 a2 |ξ|4
[
ξ2 ∂2ξ
( |ξ|4
1− |ξ|2 F¯S
)
− ξ¯2 ∂2ξ¯
( |ξ|4
1− |ξ|2 FS¯
)]
,
$1 = − Ry |χ|
2
2
√
2 a2 (1− |χ|2)
[(
1− |ξ|2 − |χ|2) |F |2 + K(ξ, ξ¯)
+
(1− |ξ|2) (1− |ξ|2 − |χ|2)
|ξ|4
(
ξ2 ∂2ξ
( |ξ|4
1− |ξ|2 F¯S
)
+ ξ¯2 ∂2ξ¯
( |ξ|4
1− |ξ|2 FS¯
))
−
(
(1− |ξ|2)2
(
ξ∂2ξ∂ξ¯ + ξ¯∂
2
ξ¯∂ξ
)
− 4|ξ|2(1− |ξ|2)∂ξ∂ξ¯ − 6
(
ξ∂ξ + ξ¯∂ξ¯
))( |ξ|4
(1− |ξ|2)2 |S|
2
)]
,
$2 =
Ry
(
1− |ξ|2 − |χ|2)
2
√
2 a2 (1− |χ|2)
[
|ξ|2|χ|2 |F |2 + K(ξ, ξ¯)
− |ξ|
2|χ|2(1− |ξ|2)
|ξ|4
(
ξ2 ∂2ξ
( |ξ|4
1− |ξ|2 F¯S
)
+ ξ¯2 ∂2ξ¯
( |ξ|4
1− |ξ|2 FS¯
))
−
(
(1− |ξ|2)2
(
ξ∂2ξ∂ξ¯ + ξ¯∂
2
ξ¯∂ξ
)
− 4|ξ|2(1− |ξ|2)∂ξ∂ξ¯ − 6
(
ξ∂ξ + ξ¯∂ξ¯
))( |ξ|4
(1− |ξ|2)2 |S|
2
)]
,
(B.3)
where we have once again defined
K(ξ, ξ¯) ≡
∫ |ξ|
0
x
∣∣∣∣F (x ei√2Ry v)∣∣∣∣2 dx . (B.4)
The fields are then generated by the arbitrary function S, corresponding to the supercharged mode,
and the arbitrary function F , corresponding to the original mode. In other words, the terms fluctuating
as |F |2 arise only from the original (2, 1, n) superstrata, the terms in |S|2 arise from the supercharged
equivalents, whereas the terms in F¯S and its complex conjugate come from the interaction between the
two different modes.
One can also add non-trivial solutions of the homogeneous second-layer of BPS equations that do
not change the characteristics of the solutions. For instance we can make the following replacements in
(B.3):
|S|2 → |S|2 − c(1)(ξ) − c(1)(ξ¯) , F¯ S → F¯S − c(2)(ξ¯) FS¯ → FS¯ − c(2)(ξ) , (B.5)
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where c(1) and c(2) are arbitrary holomorphic functions. This, once again, provides a remarkably simple
class of homogeneous solutions that will ultimately be fixed by regularity. In addition, we will need to
add three other homogeneous solutions for regularity, which are related to gauge transformations of the
solutions (2.19). This consists in adding the following homogeneous solutions to F and ω:
F −→ F − G − G¯ ,
ω −→ ω + G + G¯
2
β +
c(0)
2 a2
ω0 − i
√
2Ry
a2
|χ|√1− |ξ|2 − |χ|2
1− |ξ|2
(
c(4)(ξ)− c(4)(ξ¯)
)
dθ
+
iRy
2
√
2 a
√
(1− |ξ|2)3
|ξ|2
(G − G¯) dr,
−→ ω + G
2
β +
c(0)
2 a2
ω0 − i
√
2Ry
a2
cos θ sin θ
(
c(4)(ξ)− c(4)(ξ¯)
)
dθ +
ia2Ry
2
√
2 r(r2 + a2)
(G − G¯) dr,
(B.6)
where β and ω0 are defined in (2.7) and (2.9), c
(0) is an arbitrary constant,
G ≡ 1
a2
(
c(3)(ξ) +
1− |ξ|2 − 2|χ|2
1− |ξ|2 ξ∂ξc
(4)(ξ)
)
, (B.7)
and c(3) and c(4) are a priori arbitrary holomorphic functions that will be fixed in the next section.
B.1.1 Regularity
First, we require F and ω to decay as r−2 in order to have solutions asymptotically AdS3×S3. For
generic S, they are strongly divergent and grow as r2. The first step is to fix the homogeneous solutions
c(1) and c(2) to cancel those divergences. This is done by taking
c(1)(ξ) ≡ 1
2
∞∑
n=1
(n+ 1) c2n +
∞∑
n,`=1
2(1 + n) + `
2 + `
cn cn+` ξ
` ,
c(2)(ξ) ≡
∞∑
n=1
bn cn +
∞∑
n,`=1
(bn cn+` + cn bn+` ) ξ
`
(B.8)
where bn and cn are the Fourier coefficients of F and S respectively (B.1). Then, F goes to a constant
and a v-dependent oscillating term at the boundary. To make F vanish we fix c(3) and c(4) (B.6). It is
similar to the gauge transformation performed for the (1, 0, n) solutions in Section 3.1.1. We find that
c(3)(ξ) ≡
∞∑
n=1
(
n(1 + n)(2 + n) c2n +
b2n
4(n+ 1)
)
+
∞∑
n,`=1
(
n(2 + `+ n)(2(n+ 1) + `) cn cn+` +
bnbn+`
2(1 + n) + `
)
ξ` ,
c(4)(ξ) ≡
∞∑
n,`=1
bncn+l ξ
` .
(B.9)
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Once those functions fixed, F and ω decay at least as r−2 and the solutions are asymptotically AdS3×S3.
On the plane θ = 0 (resp. θ = pi2 ), the ϕ1-circle shrinks (resp. ϕ2-circle). Thus, all scalars
must have no dependence on ϕ1 (resp. ϕ2) and the forms must have vanishing ϕ1-components (resp.
ϕ2-components). A trivial check shows that this is automatically satisfied and does not require any
regularization.
At the center of R4, r = 0, θ = 0 (ξ = 0, χ = 0), the whole Sθϕ1ϕ2 shrinks. One has to switch
to the polar coordinates (r˜, θ˜) as introduced in (3.41) and take the limit r˜ → 0 . Straightforwardly,
all scalars are independent of θ˜, ϕ1 and ϕ2 at this limit. As for the angular-momentum one-form, the
θ-component, the ϕ1-component indeed vanish when r˜ → 0. However, ω2 goes to a constant which can
induce CTC’s. We then cancel this constant by fixing the constant c(0) introduced in (B.6):
c(0) ≡
∞∑
n=1
(
2n(1 + n)(2 + n) c2n +
b2n
2(n+ 1)
)
≡ 1√
2piRy
∫ √2piRy
0
(
Sˆ∞(v) + K∞(v)
)
dv , (B.10)
where we have defined
Sˆ∞(v) ≡ lim|ξ|→1 ξ ∂
3
ξ
(
ξ2 |S(ξ)|2
)
+ ξ¯ ∂3ξ¯
(
ξ¯2
∣∣S(ξ¯)∣∣2) = lim
r→∞ ξ ∂
3
ξ
(
ξ2 |S(ξ)|2
)
+ ξ¯ ∂3ξ¯
(
ξ¯2
∣∣S(ξ¯)∣∣2) ,
K∞(v) ≡ lim|ξ|→1K(ξ, ξ¯) = limr→∞K(ξ, ξ¯) . (B.11)
At the supertube locus, r = 0, θ = pi2 , there are divergences in the scalars and forms of the solutions.
As explained in Section 5.1.1, the only dangerous term comes from the metric component in front of
dϕ21 given by (3.10). To remove the singularity, one must impose
Q1Q5
R2y
= a2 +
1
2
c(0) . (B.12)
Finally, as for some other examples before, we will not complete the daunting analysis of CTC’s
in this geometry for generic F and S. However, we strongly believe that this will not lead to any
constraints on the choice of holomorphic function and that solutions will be automatically CTC-free.
Indeed, holography suggests we should not expect any choice of holomorphic functions to lead to a
non-regular geometry.
We have finally constructed a family of smooth asymptotically AdS3×S3 D1-D5-P solutions
parametrized by two holomorphic arbitrary functions of one variable. The holomorphic functions give
a very specific shape to the momentum wave of the solution and contribute to the conserved charges.
B.1.2 Conserved charges
The angular momenta JR and JL and the momentum charge QP can be read off from the asymptotic
form of ω, β and F through the expressions (2.20) and (2.21). For the solutions constructed above, we
obtain the supergravity charges:
QP =
1
2
∞∑
n=1
(
n(1 + n)2(2 + n) c2n +
b2n
4
)
, JL =
Ry
2
a2 , JR =
Ry
2
(
a2 +
1
2
c(0)
)
, (B.13)
from which the quantized charges are obtained by using (2.24).
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B.2 The (ki, 0, n) superstrata
In Section 3.4, we have constructed the family of solutions made of a superposition of (k, 0, 1) su-
perstratum modes. We will extend to superposition of (ki, 0, n) modes where n is a fixed arbitrary
integer. This extension is made possible because superposition of (ki, 0, n) follows the same philoso-
phy as superposition of (k, 0, 1) in a sense that F is determined by a Laplacian equation with sources:
∗4d ∗4 dF = sources. More precisely, F is actually constructed from generating functions F2k,2,2n
satisfying the following equation
− ∗4d ∗4 dF2k,2,2n = ∆2k,2,2n
(r2 + a2) cos2 θΣ
=
(1− |ξ|2)3 |ξ|2n |χ|2(k−1)
a4 (1− |χ|2) . (B.14)
In previous works [13, 25, 23, 5, 16, 8], this equation has been solved giving rise to a rather complicated
generic solution with a double sum. Using the complex-variable formalism, we have been able to
drastically simplifies the form of the solutions by removing many terms with vanishing Laplacian. This
leads to a more compact form for the solutions of (B.14):
F2k,2,2n = −
(
n! (k − 1)!
(k + n)!
)2 1− |ξ|2
a2
n∑
j=0
(−1)n+1−j |ξ|
2j
(j!)2
∂jχ∂
j
χ¯
[
|χ|2(k+n)
(1− |χ|2)n+1−j
]
. (B.15)
We will use those generating functions to construct superposition of (ki, 0, n) modes with n fixed.
For m = 0, there are no supercharged modes [16, 8]. The corresponding holomorphic function is
then taken to be zero G2 ≡ 0. Thus, we consider only the holomorphic function G1 given by the most
general superposition of the (ki, 0, n) original modes determined by an arbitrary function F fluctuating
with the complex variable χ:
G1(ξ, χ, µ) =
1
n!
ξn χ∂nχ
(
χn−1 F (χ)
)
. (B.16)
We define the real Fourier modes of F as before:
F (χ) =
∞∑
k=1
bk χ
k . (B.17)
We could have also defined G1(ξ, χ, η) = ξ
n F (χ) but this drastically complicates the final form of the
solutions. Inspired by the expression of the generating functions (B.14), we define
αj,n ≡ (−1)
n−j
(j!)2
∂jχ∂
j
χ¯
[
|χ|2n
(1− |χ|2)n+1−j |F |
2
]
, dαj,n ≡ 1
2
(χ∂χαj,n + χ¯ ∂χ¯αj,n) ,
βj,n ≡ (−1)
n−j
(j!)2
∂jχ∂
j
χ¯
[
|χ|2n
(1− |χ|2)n+1−j
(
χ∂χ |F |2 − χ¯ ∂χ¯ |F |2
)]
, dβj,n ≡ 1
2
(χ∂χβj,n − χ¯ ∂χ¯βj,n) ,
(B.18)
The scalars P and F in the six-dimensional metric (2.1) are then given by
P = 1
Σ2
[
Q1Q5 −
R2y
2
|χ|2 |ξ|2n
(n!)2
∂nχ∂
n
χ¯
(
|χ|2(n−1) |F |2
)]
, F = 1− |ξ|
2
a2
n−1∑
j=0
|ξ|2j αj,n−1 . (B.19)
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As for the angular-momentum one-form ω, we have, using the decomposition (3.34),
$r =
i Ry
√
(1− |ξ|2)3
2
√
2 a3 |ξ|
n∑
j=1
|ξ|2j
j
βj−1,n−1 , $θ = 0 ,
$1 +$2 =
Ry
2
√
2a2
(
1− |ξ|2) [ |ξ|2 + 2|χ|2
1− |χ|2
(|ξ|2n αn,n−1 − α0,n−1) + n∑
j=1
|ξ|2j
(
αj,n − |ξ|
2 + |χ|2
1− |χ|2 αj,n−1
)]
,
$1 −$2 = Ry
2
√
2a2
[
n−1∑
j=1
|ξ|2j
[
(1− |ξ|2) (|ξ|2 − |χ|2)
1− |χ|2 αj,n−1 + (1 + |ξ|
2)αj,n
]
+
|ξ|2 (1− |ξ|2)− 2|χ|2
1− |χ|2 α0,n−1
− 2
n∑
j=1
|ξ|2j
j2
(j dαj−1,n−1 + dβj−1,n−1) +
1 + |ξ|2
1− |χ|2 |ξ|
2n
( |χ|2 αn,n−1 + (1− |χ|2)αn,n )
+ 2
n∑
j=1
(−1)j
j
|ξ|2j |χ|2−2j (α0,n−1 + dα0,n−1 − dβ0,n−1)
+ 2
n−1∑
j=1
n∑
`=j+1
(−1)`−j
`
|ξ|2`|χ|2(j−`)
[ (
j
(
1 + |χ|2)+ |χ|2) αj,n − (1− |χ|2) dαj,n
− |χ|
2
j + 1
dβj,n−1
]
.
(B.20)
As for the previous examples, we will need to add non-trivial solutions of the homogeneous BPS equa-
tions that do not change the characteristics of the solutions. For the present solutions, we can freely
replace all |F |2 in αj,n and βj,n (B.18) by
|F |2 −→ |F |2 −
n−j∑
`=0
(−1)` (1− |χ|2)`
|χ|2` (c
(`)(χ) + c(`)(χ¯)) . (B.21)
This introduces in total n arbitrary functions, c(`)(χ), corresponding to homogeneous solutions of the
BPS equations. Those functions will be necessary to regularize the solutions and must be fixed according
to F .
The family of solutions above encompasses a closed-form expression for (k, 0, n) single-modes13. More
explicitly, for a single mode, F (χ) = χk, we have βj,n = 0 and the sum of |ξ|2j αj,n in F corresponds to
the generating functions F2k,2,2n given in (B.14). For generic F (χ), we have the multi-mode solutions
with (k, 0, n) excitations keeping n fixed.
B.2.1 Regularity
The regularization of the solutions follows the same ideas as for superposition of (k, 0, 1) in Section
3.4.1. Indeed, the solutions given by (B.19) and (B.20) are straightforwardly asymptotically AdS3×S3
and have potential singularities only at r = 0 and θ = pi2 . To deal with those singularities, it is convenient
13In previous works, $1 −$2 is only given by an integral equation.
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to go through the polar coordinates (ρ, ϑ) around the supertube locus and take the limit ρ→ 0:
r ∼ ρ cosϑ , sin θ ∼ 1− ρ
2
2a2
sin2 ϑ =⇒ ξ ∼ ρ
a
cosϑ e
i
√
2
Ry
v
, χ ∼
(
1− ρ
2
2a2
sin2 ϑ
)
eiφ1 .
The first thing to care about is the divergence in F which must be cancelled as a necessary condition for
having the metric component along dϕ21 to be regular (3.10). A quick functional analysis shows that F
is strongly divergent up to order ρ−2n. To cancel those singularities, one has to fix the n homogeneous
solutions (B.21) as follows:
c(`)(χ) ≡ 1
2
∞∑
k=1
(
k + `− 1
`
)
b2k +
∞∑
k,j=1
(
k + `− 1
`
)
bk bk+j χ
j , (B.22)
where bk are the Fourier coefficients of F . This specific choice nicely cancels the high-order divergent
terms in ω too up to the ρ−2 order.
Next, one needs to cancel the ρ−2 divergence in the metric components along dϕ21. As ρ → 0, one
has
√
Q1Q5
R2y
gϕ1ϕ1 ∼
1
ρ2
Q1Q5
R2y
− a2 − 1
2
∞∑
k=1
(
k + n− 1
n
)
b2k −
∞∑
`,k=1
(
k + n− 1
n
)
bk bk+` cos(` ϕ1)
 .
(B.23)
As in Section 3.4, the expression (B.23) represents a charge density fluctuation. We therefore have to
address this by allowing such a variation in the original supertube charge density. This means that Z1
needs to be allowed to vary according to
Z1 =
Q1
Σ
+
R2y
2Q5 Σ
(
λ(χ) + λ(χ¯)
)
+ .... , (B.24)
where λ is an arbitrary holomorphic function and the ... denotes the fluctuating modes associated with
the momentum wave. (See Section 5.1.1 for more details of the momentum wave terms.). This modifies
P in (B.19):
√
P = 1
Σ
√
Q1Q5 +
R2y
2
[
λ(χ) + λ(χ¯)− |χ|
2 |ξ|2n
(n!)2
∂nχ∂
n
χ¯
(|χ|2(n−1) |F |2)] , (B.25)
One can then cancel the divergence in gϕ1ϕ1 by taking
Q1Q5
R2y
= a2 +
1
2
∞∑
k=1
(
k + n− 1
n
)
b2k = a
2 +
1
4pii
∮
|χ|=1
χn−1F¯ ∂nχF dχ ,
λ(χ) =
∞∑
k,`=1
(
k + n− 1
n
)
bk bk+` χ
` .
(B.26)
Thus, the metric is regular in the neighborhood of r = 0. As for the (k, 0, 1) solutions, one needs to
check that the charge density fluctuations must not cause P to be negative somewhere:
2Q1Q5
R2y
+ λ(χ) + λ(χ¯)− |χ|
2 |ξ|2n
(n!)2
∂nχ∂
n
χ¯
(
|χ|2(n−1) |F |2
)
> 0 . (B.27)
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Using that |ξ|2 ≤ 1− |χ|2, it is actually sufficient to prove that
2Q1Q5
R2y
+ λ(χ) + λ(χ¯)− |χ|
2 (1− |χ|2)n
(n!)2
∂nχ∂
n
χ¯
(
|χ|2(n−1) |F |2
)
> 0 , (B.28)
The left-hand side gives in terms of modes, omitting the a2,
∞∑
k=1
(
k + n− 1
n
)
b2k + 2
∞∑
k,`=1
(
k + n− 1
n
)
bk bk+` |χ|` cos(` ϕ1)−
(
1− |χ|2)n ∣∣∣∣ ∞∑
k=1
(
k + n− 1
n
)
bk χ
k
∣∣∣∣2 .
(B.29)
After reordering we have
∞∑
k=1
((
k + n− 1
n
)
−
(
k + n− 2
n
)
|χ|2
) ∣∣∣∣ ∞∑
`=0
bk+` e
i ` ϕ1
∣∣∣∣2−(1− |χ|2)n ∣∣∣∣ ∞∑
k=1
(
k + n− 2
n− 1
)
χk
∞∑
`=0
bk+` χ
`
∣∣∣∣2 .
(B.30)
Using the Cauchy-Schwarz inequality and |χ|` ≤ 1,
(
1− |χ|2)n ∣∣∣∣ ∞∑
k=1
(
k + n− 2
n− 1
)
χk
∞∑
`=0
bk+` χ
`
∣∣∣∣2 ≤ ∞∑
k=1
|χ|2
∣∣∣∣ ∞∑
`=0
bk+` e
i ` ϕ1
∣∣∣∣2 (B.31)
and noticing that |χ|2 ≤ (k+n−1n )− (k+n−2n )|χ|2 for any k, we have shown that (B.30) is always greater
than a2 and thus P is manifestly positive. Thus, the required charge density variations (3.55) in Z1,
preserve the smoothness of the metric and place no restrictions on the Fourier coefficients, and hence
on F (χ).
B.2.2 Conserved charges
The angular momenta JR and JL and the momentum charge QP can be read off from the asymptotic
form of ω, β and F through the expressions (2.20) and (2.21). For the solutions constructed above, we
obtain the supergravity charges:
QP =
1
2
∞∑
k=1
(
k + n− 1
n− 1
)
b2k =
1
4pii
∮
|χ|=1
χn−2 F¯ ∂n−1χ F dχ , JL = JR =
Ry
2
a2 . (B.32)
C Spherical coordinates
The complex coordinates (χ, η, ξ) form an S5 (see (2.16)). We can connect them to to the canonical
spherical coordinates as follows. First, introduce a rescaled radial coordinate ψ by
r
a
= tanψ , (C.1)
the complex coordinates then read
χ = sin θ cosψ eiϕ1 , η = cos θ cosψ e
i
(√
2v
R
−ϕ2
)
, ξ = sinψ ei
√
2v
R .
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Defining new angles by
α =
√
2
R
v , β =
√
2
R
v − ϕ2 , γ = ϕ1 ,
we are left with the canonical coordinates on a 5-sphere
χ = eiγ sin θ cosψ , η = eiβ cos θ cosψ , ξ = eiα sinψ .
To transcribe the results of Section 6.3.2 into spherical coordinates one will also need
L˜F = −2
√
2
R
(∂α + ∂β) ,
L˜ξ = −1
2
tanψ ∂ψ ,
L˜χ = ∂α + ∂β
2(csc2 θ sec2 ψ − 1) −
1
2
∂γ ,
L˜µ = −1
4
sin 2θ ∂θ ,
L˜δ = ∂α − sec
2 θ tan2 ψ ∂β
2(tan2 θ − sec2 θ sec2 ψ) .
This formulation makes it clear that once a Fourier decomposition is made on the periodic directions
(α, β, γ), the operators (L˜F , L˜χ, L˜δ) become algebraic, while the operators (L˜ξ, L˜µ) still need to be dealt
with.
D Collection of proofs
D.1 Proofs of the positivity of P
For the families of solutions constructed in Section 3, regularity requires that the warp factor, P (2.18),
remains positive everywhere. In this section, we prove that it is true for all the examples treated and
for generic arbitrary holomorphic functions F .
D.1.1 For the (1, 0, n) superstrata
For the solutions constructed from a superposition of (1, 0, n) superstrata, the positivity of P requires
Q1Q5 −
a2R2y
2 (r2 + a2)
|F (ξ)|2 sin2 θ > 0 , (D.1)
for any holomorphic function F of the variable ξ defined in (2.12). We can re-write this condition as:
2Q1Q5
R2y
>
a2
a2 + r2
|F (ξ)|2 = (1− |ξ|2)|F (ξ)|2. (D.2)
Using the Cauchy-Schwarz inequality14 for |ξ| < 1, we have:
(1− |ξ|2)|F (ξ)|2 = (1− |ξ|2)
∣∣∣∑
n
bnξ
n
∣∣∣2 ≤ (1− |ξ|2)(∑
n
b2n
)(∑
m
|ξ|2m
)
= c <
2Q1Q5
R2y
, (D.3)
14We thank A. Lukyanenko for suggesting this.
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where the last inequality follows from (3.12). Equivalently, we can take the Cauchy integral formula at
z = ξ for the holomorphic function g(z) = F (z)2(1− ξ¯z) to get:
(1− |ξ|2)|F (ξ)|2 = |g(ξ)| =
∣∣∣∣∣ 1√2piRy
∮
|y|=1
F (y)2
1− ξ¯y
y − ξ dy
∣∣∣∣∣ ≤ 1√2piRy
∮
|y|=1
|F (y)|2 < 2Q1Q5
R2y
.
(D.4)
Either way, we conclude that P > 0 is satisfied everywhere.
D.1.2 For the (2, 1, n) superstrata
For the solutions constructed from a superposition of (2, 1, n) superstrata, the positivity of P requires
2Q1Q5
R2y
>
a4
(r2 + a2)2
|F |2 sin2 θ cos2 θ , (D.5)
for any holomorphic function F of the variable ξ defined in (2.12). First, we take the maximum values
for sin2 θ cos2 θ, that is 14 ,
a4
(r2 + a2)2
|F |2 sin2 θ cos2 θ ≤ (1− |ξ|
2)2
4
|F (ξ)|2 = (1− |ξ|
2)2
4
∣∣∣∑
n
bn ξ
n
∣∣∣2 , (D.6)
then, using the Cauchy-Schwarz inequality for |ξ| < 1, we have:
(1− |ξ|2)2
4
∣∣∣∑
n
bnξ
n
∣∣∣2 ≤ (1− |ξ|2)2
4
(∑
n
b2n
2(n+ 1)
)(∑
m
2(m+1)|ξ|2m
)
=
|ξ|2 (2− |ξ|2)
2
c(0) <
2Q1Q5
R2y
,
(D.7)
where the last inequality follows from (3.40).
D.1.3 For the (k, 0, 1) superstrata
For the solutions constructed from a superposition of (k, 0, 1) superstrata, the positivity of P requires
2Q1Q5
R2y
+ λ(χ) + λ(χ¯)− |ξ|2|χ|2 ∂χ∂χ¯|F |2 > 0 , (D.8)
for any holomorphic function F of the variable χ defined in (2.12), and where λ is given according to
the Fourier coefficients of F in (3.56). Because |ξ|2 ≤ 1− |χ|2, it is actually sufficient to prove that
2Q1Q5
R2y
+ λ(χ) + λ(χ¯)− |χ|2 (1− |χ|2) ∂χ∂χ¯|F |2 > 0 , (D.9)
or, in terms of modes:
2 a2 +
∞∑
k=1
k b2k + 2
∞∑
k, `=1
k bk bk+` |χ|` cos(` ϕ1)−
(
1− |χ|2) ∣∣∣∣ ∞∑
k=1
k bk χ
k
∣∣∣∣2 > 0 . (D.10)
One can reorder (D.10) so that the left-hand side is:
2a2 +
∞∑
k=1
(
k − (k − 1)|χ|2) ∣∣∣∣ ∞∑
`=0
bk+` χ
`
∣∣∣∣2 − (1− |χ|2) ∣∣∣∣ ∞∑
k=1
χk
∞∑
`=0
bk+` χ
`
∣∣∣∣2 . (D.11)
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Using the Cauchy-Schwarz inequality,
(
1− |χ|2) ∣∣∣∣ ∞∑
k=1
χk
∞∑
`=0
bk+` χ
`
∣∣∣∣2 ≤ |χ|2 ∞∑
k=1
∣∣∣∣ ∞∑
`=0
bk+` χ
`
∣∣∣∣2 (D.12)
and noticing that |χ|2 ≤ k− (k− 1)|χ|2 for any k, we have shown that (D.11) is always greater than a2
and thus P is manifestly positive.
D.1.4 For the (k, k, 0) superstrata
For the solutions constructed from a superposition of (k, k, 0) superstrata, the positivity of P requires
2Q1Q5
R2y
+ λ(η) + λ(η¯) > |F (η)|2 , (D.13)
for any holomorphic function F of the variable η defined in (2.12), and where λ is given according to
the Fourier coefficients of F as in (3.64). This is trivially shown by reordering appropriately the left
hand-side using the regularity condition (3.65). We obtain
2 a2 + (1− |η|2)
∞∑
k=1
∣∣∣∣∣
∞∑
`=0
bk+` η
`
∣∣∣∣∣
2
+ |F (η)|2 , (D.14)
and that proves that (D.13) is true for any arbitrary holomorphic function F . Thus
√P is well-defined
everywhere.
D.2 Proof of the claim in Section 3.1.3
Consider the open unit disk D ≡ {ξ ∈ C : 0 ≤ |ξ| < 1}. We consider an analytic function F on D¯ that
is not constant. Define
c ≡ 1
2pi
∫ 2pi
0
∣∣F (eiθ)∣∣2 dθ , (D.15)
Claim: There is no simple closed curve, γ : [0, 2pi] → D, that winds once around the origin and on
which one has
∀θ , ∣∣F (γ(θ))∣∣2 − c ≥ 0 , (D.16)
for all θ ∈ [0, 2pi].
Proof: We use proof by contradiction and thus start by assuming that such a closed curve exists.
Define the Taylor expansion of F :
F (ξ) =
∞∑
n=0
bn ξ
n , (D.17)
which implies that c =
∑∞
n=0 |bn|2. We divide the proof according to the number of zeroes of F .
• F has no zeroes in D:
58
Thus, F has no zeroes in the open subset, denoted U , inside the closed curve γ. One can then apply
the minimum modulus principle on U and F must take its minimum value at the boundary, that is on
γ. However, 0 ∈ U by definition and15
|F (0)|2 = |b0|2 < c ≤ |F (γ(θ))|2 ,
which is in contradiction with having the minimum at the boundary of U .
• F has zeroes in D:
We denote the zeroes of F in D as zi, i = 1, . . . , p. For simplicity, we have taking into account the
multiplicity of the zeroes by considering that some zi can be equal. Let us now define the functions:
G(ξ) ≡
p∏
i=1
1− z¯i ξ
ξ − zi F (ξ) . (D.18)
By construction, G, is analytic on D¯ and has no zeroes on D. We introduce the Taylor expansion of G
as follows
G(ξ) =
∞∑
n=0
an ξ
n . (D.19)
Also note that16
c =
1
2pi
∫ 2pi
0
∣∣G(eiθ)∣∣2 dθ = ∞∑
n=0
|an|2. (D.20)
Moreover, by noticing that ∣∣∣∣1− z¯i ξξ − zi
∣∣∣∣2 = 1 + (1− |ξ|2)(1− |zi|2)|ξ − zi|2 > 1 , (D.21)
because ξ, zi ∈ D, one can easily prove that |G(γ(θ))|2 > c, ∀θ ∈ [0, 2pi] from (D.18). Since G is
non-vanishing, we can apply the minimum modulus principle for G on U and evaluate at 0 ∈ U :
|G(0)|2 = |a0|2 ≤ c < |G(γ(θ))|2 ,
which is in contradiction with having the minimum at the boundary of U .
Thus, such a curve γ does not exist and we have proven the claim.
15We have a strict inequality |b0|2 < c because F is not constant. There exists an other n > 0 with bn 6= 0 and then
c =
∑∞
n=0 |bn|2 > |b0|2.
16We use that
∣∣∣ 1−z¯i ξξ−zi ∣∣∣ = 1 when |ξ| = 1.
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